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Abstract 

In the first chapter we present new results related on monomial ideals of Borel type. Also, 
we introduce a new class of monomial ideals, called d-fixed ideals, which generalize the class 
of p-Borel ideals and we extend several results to this new class. In section 1.2 we extend 
a result of Eisenbud-Reeves-Totaro in the frame of ideals of Borel type. This allows us to 
obtain some nice consequences related to the regularity of the Borel type ideals. In section 
1.3 we introduce a new class of ideals, called strong Borel type ideals, and we compute 
the Mumford-Castelnouvo regularity for a special case of strong Borel type ideals. In the 
sections 1.4, 1.5 and 1.6 we show how some results for p-Borel ideals can be transfered to 
d-fixcd ideals. In particular, we give the form of a principal d-fixed ideal and we compute 
the socle of factors of these ideals, using methods similar as in [23], see section 1.5. This 
allows us to give a generalization of Pardue's formula, i.e. a formula of the regularity for a 
principal d-fixed ideal, see section 1.6. In the last section of the first chapter, we describe 
the d-fixed ideals generated by powers of variables. 

In the second chapter, we compute the generic initial ideal, with repect to the re- 
verse lexicographic order, of an ideal which define a complete intersection of embedding 
dimension three with strong Lefschetz property and we show that it is an almost reverse 
lexicographic ideal, see sections 2.2 and 2.3. This enable us to give a proof for Moreno's 
conjecture in the case n = 3 and characteristic zero, see section 2.1. In section 2.4 we prove 
that the rf-component of the generic initial ideal, with respect to the reverse lexicographic 
order, of an ideal generated by a regular sequence of homogeneous polynomials of degree 
d is revlex, in a particular, but important, case. Using this property, in section 2.5 we 
compute the generic initial ideal for several complete intersections with strong Lefschetz 
property. 
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Introduction 



In the first chapter, we prove a stable property for monomial ideals of Borel type and give 
some nice consequences. Also, we discuss issues related to d-fixed ideals, a new class of 
ideals which generalize the class of p-Borel ideals. In order to explain the context, we need 

some preparations. 

Let K be an infinite field, and let S = K[xi, Xn],n > 2 the polynomial ring over K. 
Bayer and Stillman [5] note that a Borel fixed ideal I C S satisfies the following property: 

(*) (/ : ) = (/ : (xi, . . .,x,r) for all j = l,...,n. 

Herzog, Popescu and Vladoiu [23] say that a monomial ideal / is of Borel type, if it satisfy 
(*). We mention that this concept appears also in [6] as the so called weakly stable ideal. 
Herzog, Popescu and Vladoiu proved in [23] that / is of Borel type, if and only if for any 
monomial m G / and for any 1 < j < i < n and g > with xj\u. there exists an integer 
t > such that G /. In the first section, we present some facts on ideals of Borel 

type, following [23]. In the second section we prove that if / is an ideal of Borel type, 
then 7>e = the ideal generated by the monomials of degree > e from I, is stable whenever 
e > reg{I) (Theorem 1.2.10). This allows us to give a generahzation of a result of Eisenbud- 
Reeves-Totaro (Corollary 1.2.11). Also, we prove that the regularity of a product of ideals 
of Borel type is bounded by the sum of the regularity of those ideals (Theorem 1.2.15). In 
the third section, we introduce a new class of ideals, called ideals of strong Borel type and 
we compute the regularity of a principal strong Borel type ideal in a special case (1.3.6). 

A p-Borel ideal is a monomial ideal which satisfies certain combinatorial condition, 
where p > is a prime number. It is well known that any positive integer a has an unique 
p-adic decomposition a = Y2i>o^iP^- ^^'^ positive integers, we write a <p 6 iff 

Oj < bi for any i, where a = Xli>o'^2^'* ^ ~ Yliixs^iP''- that a monomial ideal 

I <Z S — K[xi, . . . , x„] is p-BoreFif for any monomial u & I and for any indices j < i, ii 
t <p J^i{u) then x^ju/xj G /, where ^'i(ii) = m.ax{k : xf\u}. 

This definition suggests a natural generalization. The idea is to consider a strictly 
increasing sequence of positive integers d : 1 = (io|(ii| ■ ■ ■ \ds, which we called a d-sequence. 
Lemma 1.4.1 states that for any positive integer a, there exists an unique decomposition 
a — ^l^Qdidi with < < di+i/di for any i. If a,b are two positive integers, we write 
a <d b iS Qi < bi for any i, where a — Ylii=Q^id'i ^ — ^i=o^i^i- ^® ^^^^ ^ 
monomial ideal / C 5* is d-fixed if for any monomial u & I and for any indices j < i, if 
t <d then x^ju/xj G /. Obviously, thep-Borel ideals are a special case of d-fixed ideals 
for d : l|p|p^| • • • . 
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A principal d-fixed ideal, is the smallest d-fixed ideal which contains a given monomial. 
1.4.8 and 1.4.11 give the explicit form of a principal d-fixed ideal. In section 1.5 we compute 
the socle of factors for a principal d-fixed ideal (1.5.1 and 1.5.4). The proofs are similar as 
in [23] but we consider that is necessary to present them in this context. 

In the section 1.6 we give a formula (Theorem 1.6.1) for the regularity of a principal 
d-fixed ideal J, which generalize the Pardue's formula for the regularity of principal p- 
Borel ideals, proved by Aramova-Herzog [3] and Herzog-Popescu [24]. Using a theorem 
of Popescu [29] we compute the extremal Betti numbers of S/I (1.6.3). S.Ahmad and 
I.Anwar proved in [1] than any ideal of Borel type has the regularity bounded by the 
number q{I) = m{I){deg{I) — 1) + 1, where m{I) — max{i : Xi\u for some u e G{I)} , 
deg{I) = max{deg{u) : u G G{I)} and G{I) is the set of minimal monomial generators 
of /. As a consequence of Pardue's formula, we obtain another proof of this result in 
the particular case of d-fixed ideals (Corollary 1.6.2). Also, we introduce a new class of 
monomial ideals, called D-fixed ideals, which are sums of various d-fixed ideals . Since any 
d-fixed ideal is in particular, an ideal of Borel type, it follows that Theorem 1.2.10 can be 
applied for them, so we get Corollary 1.6.6. This result was first obtain by Herzog-Popescu 
[24] in the special case of a principal p-Borel ideal. In the last section we give the explicit 
form of a d-fixed ideal generated by powers of variables (Proposition 1.7.2) and make some 
remarks on its regularity. 

In the second chapter, we discuss issues related to the generic initial ideal of an ideal 
generated by a regular sequence of homogeneous polynomials. 

Let S = K[xi,X2,Xs] be the polynomial ring over a field K of characteristic zero. 
Let /i, /2, /s be a regular sequence of homogeneous polynomials of degrees di,d2 and 
ds respectively. We consider the ideal / = (/i,/2,/3) C -S". Obviously, 5"// is a complete 
intersection Artinian X-algebra. One can easily check that the Hilbert series of S/I depends 
only on the numbers di, ^2 and ^3. More precisely, 

H{S/I, t) = {l + t + --- + t'''-^){l + t+--- + t'^2-i)(l + 1 + • • • + t""'-^). 

[23, Lemma 2.9] gives an explicit form of H{S/I,t). 

Let S = K[xi, . . . , Xn] and let / = (/i, . . . , /„) C S* be an ideal generated by a regular 
sequence of homogeneous polynomials. We say that a homogeneous polynomial / of degree 

d is semiregular for S/I if the maps {S/ I)t — > {S/I)t+d are either injective, either surjec- 
tive for all t > 0. We say that S/I has the weak Lefschetz property (WLP) if there exists 
a linear form £ e S, semiregular on S/I, in which case we say that £ is a weak Lefschetz 
element for S/I. A theorem of Harima-Migliore-Nagel-Watanabe (see [20]) states that S/I 
has (WLP) for n = 3. We say that S/I has the strong Lefschetz property (SLP) if there 
exists a linear form i ^ S such that is semiregular on S/ 1 for all integer 6 > 1 . In this 
case, we say that £ is a strong Lefschetz element for S/I. Of course, (SLP) ^ (WLP) but 
the converse is not true in general. In the case n — 3, it is not known ii S/I has (SLP) for 
any regular sequence of homogeneous polynomials /i, /2, fs. However, this is known true 
for certain cases, for example, when /i, /2, /a is generic, see [27] or when /2 G K[x2, x^] and 
/a e K[xs], see [21] and [22]. 
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We say that a property (P) holds for a generic sequence of homogeneous polyno- 
mials /i,/2, ...,/n € S = K[xi,X2, ■ ■ ■ ,Xn] of giveu degrees di,d2, ■ ■ . ,dn if there ex- 
ists a nonempty open Zariski subset U C S^^ x x • • • x Sd^ such that for every 
(/i, /2, ■ ■ ■ , /n) e the property (P) holds. For example, a generic sequence of homo- 
geneous polynomials fi, f2, fn ^ S is regular. 

Now, we present some conjectures and the relations between them (see [27]). 
Conjecture A.(Fr6berg) If /i,/2,...,/r G S = K[xi, . . . ,Xn] is a generic sequence of 
homogeneous polynomials of given degrees di, d2, ■ ■ ■ ,dr and / = (/i, /2, . . . , fr) then the 
Hilbert series oi S/I is 

n:=i(i-t^o 



H{S/I) 



where | X]j>o'^t^''l ~ X]j>o^*^''' with bj = aj if Oj > for all i < j and bj = otherwise. 

Conjecture B. If fi, f2, ■ ■ ■ , fn ^ S = K[xi, . . . , x„] is a generic sequence of homogeneous 
polynomials of given degrees di, d2, ■ ■ ■ ,dn and / = (/i, . . . , /„) then Xn, a;„_i, . . . ,Xi is 
a semi-regular sequence on ^ = S/I, i.e. Xi is semiregular on A/{xn, ■ ■ ■ ,Xi+i) for all 
l<i<n. 

Conjecture C. If fi, f2, ■ ■ ■ , fn ^ S — K[xi, . . . , x„] is a generic sequence of homogeneous 
polynomials of given degrees di,d2, ■ ■ . ,dn, I — (/i, . . . , /„) and J is the initial ideal of 
/ with respect to the revlex order, then Xn,Xn-i, ■ ■ ■ ,xi is a semi-regular sequence on 

A = S/{fu...,fn). 

Conjecture D. (Moreno) If fi, f2, ■ ■ ■ , fn ^ S = K[xi, . . . ,Xn] is a generic sequence of 
homogeneous polynomials of given degrees di, d2, ■ ■ ■ ,dn, I = (/i, . . . , fn) and J is the 
initial ideal of / with respect to the revlex order, then J is an almost revlex ideal, i.e. if 
u & J is a minimal generator of J then every monomial of the same degree which preceeds 
u must be in J as well. 

Pardue proved in [27] that if conjecture A is true for some positive integer n then the 
conjecture B is true for the same n. Also, conjecture C is true for n if and only if B is true 

for n and if conjecture B is true for some r then A is true for n < r and exactly for that 
r. Also, if conjecture D is true for some n then B, and thus C, arc true for the same n. 
Froberg [19] and Anick [2] proved that A is true for n < 3 and so B and C are true for 
n < 3. Moreno [26] remarked that D is true for n = 2. Note that Conjecture A ior n — 3 
does not imply the Moreno's conjecture D ior n — 3. 

Let I (Z S = K[xi, . . . ,Xn] be a graded ideal, i.e. an ideal generated by homogeneous 
polynomials. We choose a monomial order "<" on the set of monomials of S. If a = (aj-,) 
is a n X n invertible matrix with entries in K and / G / is a polynomial, we denote by 
af the polynomial obtained from / by the changing of variables, Xi i— > Yl^=i ^ij^j 
all i = We denote al — {af\ f E I). Galligo and Bayer-Stillman proved that 

there exists a nonempty open Zariski subset U G GLn{K), such that for any a, a' G U, 
in<{al) = in<{a'I). For an a G f/, we denote in<{al) := gin<{I) and we called it the 
generic initial ideal of /, with respect to "<". For an introduction on generic initial ideal. 
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see [18, §15.9]. The generic initial ideal is Borel fixed. In the case of characteristic zero, 
that means that it is strongly stable and in the case of positive characteristic p that means 
it is ]9-Borel. This remark shows a connection between the two parts of my thesis. 

Now, let I — (/i, /2, f3)cS — K[xi,X2, xs] an ideal generated by a regular sequence of 
homogeneous polynomials fi, f2, fs of degrees di,d2 and d^, respectively. Let J = Gin{I) 
be the generic initial ideal of J, with respect to the reverse lexicographic order. Our aim 
is to compute J for all regular sequences /i,/2,/3 of homogeneous polynomials of given 
degrees di, d2, d^ such that S/I has (SLP). We will do this in the sections 2.2 and 2.3. These 
computations shown us in particular, that J depends only on the numbers di,d2, d^ (this 
has been proved also by Popescu and Vladoiu in [31]) and more important, that J is an 
almost reverse lexicographic ideal (Theorem 2.1.1). As a consequence, conjecture Moreno 
(D) is true for n = 3 and char{K) = (Theorem 2.1.2). 

Now, let K be an algebraically closed field of characteristic zero. Let S = K[xi, . . . , Xn] 
be the polynomial ring in n variables over K. Let n,d > 2 he two integers. We consider 
/ = (/i, . . . , /„) C 5" an ideal generated by a regular sequence /i, . . . , /„ e 5" of homoge- 
neous polynomials of degree d. We say that A = S/I is a {n,d)- complete intersection. Let 
J = Gin{I) be the generic initial of /, with respect to the reverse lexicographic (revlex) 
order. With the above notations, Conca and Sidman [6] proved that Jd = the set of mono- 
mials of degree d of J, is revlex if /i, ...,/„ is a generic regular sequence, (see [6, Theorem 
1-2]). 

In the section 2.4, we prove that is a revlex set in another case, namely, when 
fi G K[xi, . . . , Xn] for all 1 < i < n. It is likely to be true that is revlex for any (n, d)- 
complete intersection, but we do not have the means to prove this assertion. As Example 
2.4.10 shows, the hypotheses char{K) = and /i, ...,/„ is a regular sequence are essential. 

In the section 2.5, we compute the generic initial ideal for some particular cases of 
(n, (i)-complete intersections: {n = 4,d = 2), {n = 5,d = 2) and {n = 4,d = 3). In order 
to do this, we suppose in addition that S/I has (SLP). Note that this property holds for 
generic complete intersection (see [27]) and for the case when fi e k[xi, . . . ,Xn]- Also, it 
was conjectured that (SLP) holds for any standard complete intersection. By a theorem of 
Wiebe [34], S/I has (WLP) (respectively (SLP)) if and only if x„ is a weak (respectively 
strong) Lefschetz element for S/ J. This result is very important for our computations. 

In the writing on this thesis, we used new results from our articles and preprints. In the 
section 1.2 we followed [10] and [13]. In the sections 1.4, 1.5 and 1.6 we followed [7] and 
[8]. In the sections 1.3 and 1.7 we used [12]. In the sections 2.1, 2.2 and 2.3 we followed [9] 
and in the sections 2.4 and 2.5 we followed [11], respectively. 



Chapter 1 

Ideals of Borel type and d-fixed 
ideals. 

1.1 Ideals of Borel type. 

Let K be a field and S = K[xi, . . . , Xn] the ring of polynomials over K. Herzog, Popescu 
and Vladoiu introduced in [23] the following definition. 

Definition 1.1.1. A monomial ideal I G k[xi, . . . , Xn] is said to be of Borel type if 
(/ : = (/ : (xi, . . . , xj)'^), for any j^l,..., n. 
We have the following equivalent characterization of ideals of Borel type. 

Proposition 1.1.2. [23, Proposition 2.2] Let I C S be a monomial ideal. The following 

conditions are equivalent: 

(a) I is an ideal of Borel type. 

(h) For any I < j < i < n, we have (/ : x°°) C (/ : xf); 

(c) Let u E I be a monomial and suppose that xj\u for some q > 0. Then for any j < i 
there exists an integer t such that x^ju/xf e I; 

(d) Let u E I be a monomial; then for any 1 < j < i < n, there exists an integer t > 

such that x'-u/a;^'*-"'' G /. 

Moreover, it is easy to see that the conditions (c) and (d) are satisfied if and only if 
they are satisfied for all u G G{I). 

Proof, (a) ^ (6) is trivial. For the converse, we use induction on 1 < j < n, the assertion 
being obvious for j = 1. Suppose j < n and (/ : = (/ : {xi, . . . ,Xj)°°). Since by 
(b), (/ : a;°^i) C (/ : x^) it follows that (/ : a;°^J C (/ : {xi, . . . , Xj)°°) and thus 
(/ : a^j^i) C (/ : {xi, . . . ,Xj+i)°°). Since the converse inclusion it is obvious, we get the 
required conclusion. 

(c) (d) is trivial. For the converse, let -u G / be a monomial such that for 
some q > and let j < i. By (d) there exists t such that x^^u/x'^^^^^ G /. Therefore 
x^.u/xl = xf'^^-'x'ju/xf''^ G /. 

9 
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{b) =^ (c): Let m G / be a monomial such that x^u for some g > and let j < i. Then 
u = xlv with w G (/ : xf). Therefore, there exists t such that x'ju/xf = x^jV G /. 

(c) =^ (6): Let u E {I : x°°) be a monomial. Then x^u G / for some g > and so (c) 
imphes that x^^u G / for some t, that is, u e {I : □ 

Proposition 1.1.3. (a)IfI,JGS are two ideals of Borel type then I + J, In J and I ■ J 
are also ideals of Borel type. 

(h) If I <Z S is an ideal of Borel type and J (Z S is an arbitrary monomial ideal, then 
{I : J) is an ideal of Borel type. 

Proof, (a) Since a monomial of / + J is either in I, either in J it follows immediately 
that / + J is of Borel type, using the characterization (d) from the previous proposition. A 
similar argument holds for / fl J. Now, let -u G / ■ J be a monomial. It follows that u = v-w, 
where v E I and w E J are monomials. Let 1 < i < n such that Xi\u and let 1 < j < i- Since 
I is of Borel type, then there exists some ti > such that x*^ ■ v/x'^'^^'^ G /. Analogously, 

there exists some ^2 > such that a;*^ • w/a;^' G J. It follows that x^j-'^'^^u/x'^'^^^ E I ■ J, 
therefore / • J is of Borel type. 

(b) Suppose J — {vi, . . . , Vjn), where Vi E S are monomials. Since {I : J) — n^^(/ : v^) 
and the intersection of Borel type ideals is still of Borel type, we can assume m — 1. 
Denote Vi := v. Let m G (/ : be a monomial. We have u ■ v E I. Let 1 < i < n such 
that Xi\u and let I < j < i. Since / is of Borel type, there exists some t > such that 
x^jU ■ v/x'^^^^^'* E I. In particular, multiplying by x'^'^^\ it follows that v ■ {x^ju/x'^'^^'') E I 
and thus x^w/a;^'*'"-' G (/ : v). In conclusion, (J : v) is of Borel type, as required. □ 

We recall the following definition of Stanley, see [32] . 

Definition 1.1.4. Let S = k[xi, . . . , a;„] and let M be a finitely generated graded S-module. 
The module M is sequentially Cohen- Macaulay if there exists a finite filtration — Mq C 
Ml C ■ ■ ■ C Mr = M of M by graded submodules of M such that: 

• Mi/Mi_i are Cohen- Macaulay for any i — 1, . . . ,r and 

• dim(Mi/Mo) < dim{M2/Mi) < ■ ■ < dim(Mr/Mr-i). 

The above filtration is unique and is called the CM- filtration of M 

In particular, if I <Z S is a graded ideal then R — S/I is sequentially Cohen-Macaulay 
if there exists a chain of ideals I = Iq d Ii <Z ■ ■ ■ <Z Ir = S such that Ij/Ij^i are Cohen- 
Macaulay and dim{Ij/Ij-i) < dim{Ij+i/ Ij) for any j — 1, . . . ,r — 1. 

Let / C 5" be a monomial ideal. Recursively we define an ascending chain of monomial 
ideals as follows: We let Iq :— I. Suppose I^ is already defined. If = 5* then the chain 
ends. Otherwise, let = max{i : Xi\u for an m G G{l£)}. We set J^+i := (/^ : a;^). It is 
obvious that Ui > n^+i, and therefore the chain /q C /i C • • • C = 5* is finite and has 
length r < n. We call this chain of ideals, the sequential chain of /. Note that if / is an 
Artinian monomial ideal then r — 1. The converse is true for ideals of Borel type. 



1.2. STABLE PROPERTIES OF BOREL TYPE IDEALS. 
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Proposition 1.1.5. [23, Corollary 2.5] Let I be a monomial ideal of Borel type. Then 
R = S/I is sequentially Cohen- Macaulay. 

Proof. We may assume 1^0. Let I = Iq <Z Ii <Z ■ ■ • G Ir = S he the sequential chain 
of /. Note that, inductively, we get that any ideal is an ideal of Borel type, since J^+i 
is a quotient of J^. In particular, J^+i = (/^ : (xi, . . . , for all i. Fix an integer 

i < r. Let Uj — m{Ij) for all j, then the elements of G{Ij) belong to K[xi, . . . ,a;„J for 
all j > i. Let Je be the ideal generated by G{Ie) in K[xi, . . . Then the saturation 

J|"* — {Je : {xi, . . . , Xn()°°) is generated by the elements of G'(/^+i). It follows that 

Ie+i/Ie = {Jr'/Ji)[xn,+i,...,Xn] 

is an {n — ni) — dimensional Cohen-Macaulay S'-module. □ 

Let M be a finitely generated graded (S'-module with the minimal graded free resolution 
^ ^ Fs^i ^ ■ ■ ■ ^ Fo ^ M 0. Let Syzt{M) = Ker{Ft Ft-i). The module 
M is called (r, t)-regular if Syzt{M) is (r + t)-regular in the sense that all generators of Fj 
for t < j < s have degrees < j + r. The t-regularity of M is by definition {t — reg){M) — 
min{r\ M is {r,t) —regular}. Obvious {t — reg){M) < {{t — l)—reg){M). If the equality is 
strict and r — {t — reg){M) then (r, t) is called a corner of M and Pt,r+t{M) is an extremal 
Betti number of M, where f3ij = dimkTori{k, M)j denotes the ij-th graded Betti number 
of M. Later, we will use the following result of Popescu: 

Theorem 1.1.6. [29, Theorem 3.2] If I G S is a Borel type ideal, then S/I has at most 
r + 1-corners among {ne, s{Jl°'^ / J()) and the corresponding extremal Betti numbers are 

1.2 Stable properties of Borel type ideals. 

It would be appropriate to recall the definition of the Castelnuovo-Mumford regularity. We 
refer the reader to [18] for further details on the subject. 

Definition 1.2.1. Let K he an infinite field, and let S = K[xi, ...,Xn],n > 2 the polynomial 
ring over K . Let M he a finitely generated graded S -module. The Castelnuovo-Mumford 
regularity reg{M) of M is 

max{i-i: ^ 0}. 

If M is an artinian S'-module, we denote s{M) = max{t : Mf ^ 0}. Herzog, Popescu 
and Vladoiu proved the following formula for the regularity of an ideal of Borel type. 

Proposition 1.2.2. [23, Corollary 2.7] If I is a Borel type ideal, with the notations of the 
section 1.1, we have 

reg{I) = maa;{s( JJ"*/ Jo), . . . , s( J,_i)} + 1. 
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If / C S* is a monomial ideal, we denote q{I) = m{I){deg{I) — 1) + 1, where m(/) is 
the maximal index of a variable which appear in a monomial from G{r) and deg{I) is the 
maximal degree of a monomial from G{I). We cite the following characterization of ideals 
of Borel type, given by S.Ahmad and I.Anwar. 

Theorem 1.2.3. [1, Theorem 2.2] Let I <Z S be a monomial ideal. Then the following 
statements are equivalent: 

1. I is an ideal of Borel type. 

2. Each P e Ass{S/I) has the form P — {xi, X2, Xr) for some 1 < r < n. 

3. I>q(i) is stable. 

Remark 1.2.4. Note that the implication (1) ^ (2) follows immediately from 1.1.3(6), 
since any prime P G Ass{S/I) can be written as P = (/ : m) for some monomial u E S. 
Another proof is given in [25, Proposition 5.2]. 

We recall the following result of Eisenbud-Reeves-Totaro. 

Proposition 1.2.5. [17, Proposition 12] Let I be a monomial ideal with deg{I) — d and 
let e> d such that />e is stable. Then reg{I) < e. 

Corollary 1.2.6. [1, Corollary 2.4] If I is of Borel type then reg{I) < m{I) {deg (I) — + 
The same holds for a monomial ideal I with Ass{S/I) totally ordered by inclusion. 

Proof. By the Theorem 1.2.3 we have I>q{i) stable. As q{I) > deg{I) we get reg{I) < q{I) 
by Proposition 1.2.5. For the second statement, we renumber the variables Xj's such that 
/ satisfies (2) from Theorem 1.2.3 and than apply the first statement. □ 

Remark 1.2.7. The number m{I) ■ {deg{I) — 1) + 1 is the best possible linear upper bound 
for the regularity of a Borel type ideal, /. Indeed, if we consider / = C K[xi,X2], 

we have reg{I) = 3 = 2- {deg{I) — 1) + 1. See also, [1, Remark 1.3]. 

Lemma 1.2.8. Let I G S be a monomial ideal and /' = IS' the extension of I in S' — 
S[xn+i]. If e.> deg{I), then />e is stable if and only if I'^^ is stable. 

Proof. Let u e />g be a monomial. Then u — x^^^ • v for some v e /. If A; > then 

m{u) = n + 1 and therefore, for any i < n + 1, • u/xn+i = Xn+\ ■ Xi ■ v & />g. If A; = 
then m{u) < n and since />e is stable, it follows Xi ■ u/xm(u) ^ I>e- Thus />g is stable. For 
the converse, simply notice that G{I>e) C G{I'^^) and since is enough to check the stable 
property only for the minimal generators, we are done. □ 

Lemma 1.2.9. If I G S is an Artinian monomial ideal and e > reg{I) then />e is stable. 



Proof. Since / is Artinian, it follows that the length of the sequential chain of / is r = 1. 
By 1.2.2 we get reg{I) — s{S/I) + 1 and therefore, if e > reg{I) then />e — S>e, thus />e 
is stable. □ 
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Theorem 1.2.10. Let I <Z S be a Borel type ideal and let e > reg{I) be an integer. Then 
I>e is stable. 

Proof. We use induction on r > 1, where r is the length of the sequential chain of /. If 
r = 1, i.e. / is an Artinian ideal, we are done as in the proof of the previous lemma. 

Suppose now r > 1 and let / = /q C /i C ■ ■ • C = 5' be the sequential chain of /. Let 
ne — m{Ii) ior < £ < r. Let Je C Se — K[xi, . . . be the ideal generated by G{Ie). 
Using the induction hypothesis, we may assume (/i)>e stable for e > reg{Ii). On the other 
hand, from 1.2.2 it follows that reg{Ii) < reg(I), thus (/i)>e is stable for e > reg{I). 

Since Jq"* = Ji fl S'„(,, using iteratively Lemma 1.2.8 it follows that (Jo''*)>e is stable. 
Let e > reg{I). Since reg{I) > s^J^""^ / Jq) + 1 it follows that (Jo)>e = {Jq )>e is stable. 
Since /q — JqS, using again Lemma 1.2.8, we get I>e stable for e > reg{I), as required. □ 

Theorem 1.2.10 and Proposition 1.2.5 yield the following: 

Corollary 1.2.11. If I is a Borel type ideal, then reg{I) = min{e : e > deg{I) and 
I>e is stable}. The same conclusion holds, if I is a monomial ideal with Ass{S/I) totally 
ordered by inclusion. 

Proof. Denote / = min{e : />e is stable}. By 1.2.10, we get reg{I) > f and by 1.2.5, 
reg{I) < f. For the second statement, by renumbering the variables, we can assume that 
/ is of Borel type. □ 

Example 1.2.12. Let / = (xj, xlx2, x\x\, xiXg, x\xl, xiX2xl) C K[xi,X2,X2„xa\. 
We construct the sequential chain of /. We have Iq — I and uq — m{Io) — 3, therefore 

Jo = /q n K[xi,X2,x^]. Let Ji = (Jq : xf) = (xf , Xi^g). We have ni = m(Ii) = 2, 
therefore Ji = Ii nK[xi, ^2]. Let I2 = (/i : xf ) = (xi). We have n2 = m{l2) = 1, therefore 
J2 = hnKlxi]. One can easily compute, s( Jq"''*/ Jo) = 7, s( Jf*/ Ji) = 7 and s^JI^"^ / J2) = 1. 
Using 1.2.2, we get: 

reg{I) = max{s( Jq^"*/ Jo), s( JfVJi), s( JrV^2)} + 1 = 8. 

We will exemplify the proof of 1.2.10 for /. Let e > 8 be an integer. Since ( J2)>e is obviously 
stable, it follows from 1.2.8 that (/2)>e = {J2S)>e is also stable. Note that I2 = Ji"'^S and 
moreover, I2 and Jf"* have the same minimal set of generators. Therefore, by 1.2.8, it 
follows that (Jf"*)>e is stable. Since e > reg{I) > s{Jl"'* / Ji) = 7, it follows that (Ji)>e 
is stable. On the other hand, h — JiS, therefore (/i)>e is stable. Since Jq"'*S — h we 
get, from 1.2.8, (Jo"*)> stable. Since e > reg{I) > s(J^"VJo) = 7, it follows that (Jo)>e is 
stable. Finally, since I — Iq — JqS, we obtain 7>e stable, as required. 

Corollary 1.2.13. /// and J are ideals of Borel type, then 

(a) reg{I + J) < max{reg{I),reg{J)}; 

(b) reg{I n J) < max {r eg {I), r eg {J)}. 

Proof. Denote e = max{reg{I) , reg{J)} . From Theorem 1.2.10, it follows that />e and J>e 
stable. Therefore, (/ + J)>e = I>e + J>e is stable, as a sum of stable ideals. By 1.2.5 it 
follows that reg{I + J) < e, thus (a) holds. The proof of (b) is similar. □ 
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Lemma 1.2.14. Let I , J G S be two monomial ideals and let e > deg{I) and f > deg{J) 
be two integers such that J>e and J>f are stable. Then (/ • J)>e+f is stable. 

Proof. Let u E {I ■ J)>e+f- It follows that u = v ■ w for some monomials v & I and w E J. 
We claim that we can choose v and w such that v G />e and w G J>e. 

Indeed, if we write v = v'a for v' G G{I) and a G 5 a monomial and w = w'b for 
w' e G{J) and b E S a monomial, we can find some new monomials a,b & S such that 
ab = ab, degiy'd) > e and deg{w'b) > f. We are able to do this, since e > deg{I) and 
/ > deg{J), so deg{v') < e and deg{w') < f. Changing v with v'd and w with w'b, the 
claim is proved. 

Now, let j < m{u) be an integer and suppose m{u) = m{v). Then Xju/xm{u) — 
{xjv/xm{v)) ■ w & I • J, because Xjv/xm{y) £ I since />e is stable. Analogously, if m{u) — 
m{w), then Xju/xm{u) — v ■ {xj'w/xm{w)) & I ■ J- Therefore, (/ • J)>e+f is stable. □ 

Theorem 1.2.15. Let I,J(ZSbe two monomial ideals of Borel type. Then 

reg{I ■ J) < reg{I) + reg{J). 

Proof. Since / and J are ideals of Borel type, if we denote e := reg{I) and / = reg{J), by 
Theorem 1.2.10 it follows that />e and J>/ are stable. Using the previous lemma, it follows 
that (/ ■ J)>e+f is stable, therefore, using Proposition 1.2.5 we get reg{I - J) < e + / as 
required. □ 

Corollary 1.2.16. If I C S is an ideal of Borel type, then reg{I^) < k ■ reg{I). 

Note that there are other large classes of graded ideals which have this property, see 
for instance [14] , but on the other hand, Sturmfels provided an example of a graded ideal 
I G S with reg{P) > 2 • reg{I) in [32]. 



1.3 Monomial ideals of strong Borel type. 

Proposition 1.1.2(d) suggested us the following definition. 

Definition 1.3.1. We say that a monomial ideal I is o/ strong Borel type (SBT) if for 
any monomial u G I and for any 1 < j < i < n, there exists an integer t < I'ilu) such that 
x^jU/x^ ' G /. 

Remark 1.3.2. Obviously, an ideal of strong Borel type is also an ideal of Borel type, but 
the converse is not true. Take for instance / = {x\,x\) C K\x\,x-2\. 

The sum of two ideals of (SBT) is still an ideal of (SBT). Also, the same is true for 
an intersection or a product of two ideals of (SBT). The proof is similar with the proof of 
1.1.3, so we skip it. 

Definition 1.3.3. Let A G S be a set of monomials. We say that I is the (SBT)-ideal 

generated by A, if I is the smallest, with respect to inclusion, ideal of (SBT) containing 
A. We write I = SBT{A). In particular, if A= {u}, where u G S is a monomial, we say 
that I is the principal (SBT)-ideal generated by u, and we write I = SBT{u). 
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Lemma 1.3.4. Let 1 < ii < 12 < ■ ■ ■ < ir ^ n he some integers, some positive 

integers and u = x"^x"^ ■ ■ ■x'^^ e S. Then, the principal (SBT)-ideal generated by u, is: 

r 

I = SBT{u) = JJ(mf^^l), where m^ = {xi, . . . , J and m^^''^ = {x"" , . . . , a;";}. 

q=l 

Proof. Denote /' = lYg=ii^^q''b ■ ^ ^ ^ G{r), then v = x'^^x'^^ ■ • -xj;, for some I < jq < iq, 
where 1 < q <r. Since 

and / is of (SBT) it follows that v & I and thus /' C /. For the converse, simply notice 
that I' is itself a (SBT)-ideal. Therefore I = SBT{u) as required. □ 

Remark 1.3.5. Let 1 < ii < 12 < ■ ■ ■ < ir ^ n he some integers and cti, . . . , some 
positive integers and u — x'^^^x"^ ■ ■ ■ xfj^ e 5". Let I — SBT{u). We describe the sequential 

chain of I. Denote Ir I- Since Ij. — I — 11^=1 ("^IT'^'); it follows that Ir-i :— {Ir '■ x'^) — 

njZlCm^l). Analogously, we get I, = (J.+i : x~ J = IlLiCmi"^^). for allO <q<r. 
Therefore, the sequential chain of I is, 

I = Ir C Ir-l G ■ ■ ■ G h C lo = S. 

Let Jq he the ideal in Sg = K[xi, . . . ,Xi ] generated hy G{Iq), for 1 < q < r. 
If Sq = s{Jg"'^/Jq), 1.2.2 implies reg{I) = max{sq : 1 < g < r} 

Our next goal is to compute the regularity of a principal (SBT)-ideal, in a special case. 
In order to do so, we will compute the sequential chain of / and than apply Proposition 
1.2.2. 

Theorem 1.3.6. Let 1 < ii < 12 < ■ ■ ■ < ir ^ n he some integers, cti > «! > ■ ■ ■ > ctr 
some positive integers and u = x'^^x'^^ ■ ■ ■ x"j e S. Let I = SBT{u). For 1 < q < r, we 
define the numbers: 

X5 = «! H h Qig-l + {aq - l)iq. 

With the above notations, we have reg{SBT{u)) = maxxg + 1. 

q=l 

Proof. We use the notations from 1.3.5. In order to compute the regularity of / wc must 
determine the numbers Sq := s{J^°'^ / Jq). Wc will prove that Sq = Xq- First of all, note that 
Jq = IqH Sq aud J|"* = Iq-i H Sg. Wb &x 1 < q < r and we denote A := {1,2, ... ,iq} \ 
{ii, . . .,iq-i}. Let 

w = lixrr^-'.llxr'eSg. 

e=l jeA 

Obviously, deg{w) = Xq- We claim that w G Jq""^, but w ^ Jq and, therefore, Sg > Xq- 
Indeed, since Ulll xl'^""''^ e Jq"' = UlZlirn^^^^) C Sq it follows that w G Jf*. 
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Wc assume, by contradiction, that w G Jq. Thus, w = xj^ ■ ■ ■ x'^^y, where 1 < je < ie for 
all e G {1, ■ ■ ■ ,q} and y G S* is a monomial. We claim that {ji,j2, ■ ■ ■ ,jq~i} = {h, • • • i "^g-i}- 
Let A; G {1, . . . , g — 1}. If jk G A, since xj^ \w it follows that ctfc < — 1, a contradiction, 
since ak > ocq. Therefore, G {ii, . . . , iq-i}- 

Using induction on 1 < e < g — 1, we prove that {ji, . . . , je} = {^i, • • • , ^e} for all e. Let 
e = 1. Since x^^ |w, ji < ii and for all j < ii we have j G A, it follows that ji = ii. Suppose 
e < q — 1 and {ji, . . . , je-i} = {^i, • • • , ie-i}- We have je < ie- Suppose je < ie- Since x^^\w 
it follows that je = ik for some A; < e. So w = (x"^ ■ ■ ■ a;"'" ■ ■ ■ xf^^Mfa;"" ■ ■ ■ x"' ■ -y) and it 
follows ar^jT^"*' |w. But this is false, since ae + OLk > OLk + OLq — 1 = degx^^ {w) = the exponent 
in Xii^ of w. Thus, je — ie and the induction holds. 

We get w — YllZi ■ ^'jq • y- If jq £ ^) obviously, we get a contradiction. Thus 
jq £ {^1) ■ ■ ■ ) iq-i}- But this, again, cannot be true, since if jq — ie, it follows that x'^''~^°'''\w. 
In conclusion, our assumption is false and thus w ^ Jq. 

In order to prove that Sq < Xq, we choose a monomial w G J^"* such that w ^ Jq and 
we show that deg{w) < Xq- Since w G J|"*, it follows that 

e=l j=l 

where 1 < je ^ "^e and f3j are some nonnegative integers. Since w ^ Jq it follows, obviously, 
that (3j < aq — 1 and, therefore, deg{w) = ai + ■ — h aq-i + ^^Li l^j < Xg; as required. □ 

Example 1.3.7. Let u = x{x^ E S = K[xi,X2,xs]. We have ii = 2, ^2 = 3, ai = 7 and 
a2 = 6. From Lemma 1.3.4 it follows that I = SBT{u) = {xl,xD{xi,X2,xf). We have 
Ji = {xl,xl) C K[xi,X2] and J2 = I. Also, Jf"* = K[a;i,a;2] and J|"* = (a;J,a;2) C 5. xi = 
(q;i-1)-2 = 12. X2 = ai + (a2-l)-3 = 7+15 = 22. By 1.3.6, reg{I) = max{12, 22} + l = 23. 

1.4 d- fixed ideals. 

In the following d : 1 = do\di \ ■ ■ ■ \ds is a strictly increasing sequence of positive integers, 
where s is a positive integer. We say that d is a d-sequence. We can take also s — +00, 
but for convenience we will not do it. 

Lemma 1.4.1. Let d be a d-sequence. Then, for any a G there exists an unique sequence 
of positive integers qq, oi, . . . , such that: 

1. a — Y^l^Q atdt and 

2. < at < for anyO<t <s. 

Conversely, if d : 1 = d^ < di < ■ ■ ■ < dg is a sequence of positive integers such that for 
any a G N there exists an unique sequence of positive integers ao, ai, . . . , as before, then 
d is a d-sequence. 
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Proof. Let be the quotient of a divided by dg- For < t < s let be the quotient 
of (a — qt+i) divided by dt, where qt+i = Yl]=t+i^j^-r ^^^^ prove that 
fulfill the required conditions. Indeed, it is obvious that a = ^^=o ^t^t- other hand, 

a — qt+i < dt+i, therefore, since at is the quotient of (a — qt+i) divided by dt, it follows that 

< ^- 

Suppose there exists another decomposition a = Xl^=o ^i'^i which also fulfill the con- 
ditions 1 and 2. Then, we may assume that there exists an integer < t < s such that 
6s = Os, ■ ■ ■ , bt+i = at+i and bt > at. Notice that dt > '^l^oCijdj. Indeed, 

t-1 t-1 ^ 

ajdj < 'y^X^j— — ^)dj = {di — do) + {d2 — di) + ■ ■ ■ + {dt — dt-i) = dt — 1 < dt. 

We have = ^j=o(^i ~ — Yl]=o{bj ~ (^j)dj, but on the other hand: 

t-1 t-1 
{bt — at)dt > dt > ajdj > ^^(oj — bj)dj 
j=o j=o 

and therefore {bt — at)dt — ^*=o(aj — bj)dj = X]j=o(^i ~ ^ 0' which is a contradiction. 

For the converse, we use induction on < t < s, the assertion being obvious for 
t — 0. Suppose t > and do\di\- ■ - {dt and consider the decomposition of dt+i — 1. Since 
dt+i — 1 < dt+i, it follows that dt+i — 1 = X]j=o'^*'^*- other hand, since d^+i — 1 is 

the largest integer less than dt+i, each aj is maximal between the integers < dj^i/dj, for 
j < t. Therefore aj = dj+i/dj — 1 for < j < t. Thus: 

dt+i = 1 + dt+i — 1 = 1 + aodo + oi^i H h atdt — di + aidi + 02^2 H h atdt — 

= (^2 + 02(^2 H \- atdt = • • • = (at + l)dt, so dt\dt+i. 

□ 

Definition 1.4.2. Let a,b be two positive integers and consider the d- decompositions 
a = J2'j=o '^j^j ^'^^ b = ^^=0 bjdj- We say that a <(ib if aj < bj for any < j < s. 

Definition 1.4.3. We say that a monomial ideal I G S = k[xi, . . . ,Xn] is d-fixed, if for 
any monomial u & I and for any indices 1 < j < i < n, if t <a i'i{u) (where i'i{u) denotes 
the exponent of the variable Xi in u) then u • e /. 

Example 1.4.4. (a) Let d : l|p|p^|p^| • • • , where p > is a prime number. Then a d-fixed 
ideal I is a p-Borel ideal. Therefore, definition 1.4.3 generalize the definition of a p-Borel 
ideal. 

(b) Suppose d : 1. i.e. s = 0. Let I G S be a monomial ideal. Then I is d-fixed, if and 
only if I is strongly stable. Indeed, in the definition of a d-fixed ideal, we can always choose 
t — 1, because the d- decomposition of any positive integer m is in this case m = m ■ 1. 

(c) Let d : 1 — dQ\di \ ■ • • \ds be a d-sequence. If I, J G S are d-fixed ideals, then I -\- J 
and I n J are also d-fixed ideals. This is obvious from the definition. 
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Lemma 1.4.5. Let a, b be two positive integers with a <d b. Suppose b = b' + b" , where b' 
and b" are positive integers. Then, there exists some positive integers a' <d b' and a" <d b" 
such that a = a' + a" . 

Proof. Let a = Y^Uo^^tdt, b = YJt=o^tdu b' = Yft=Q^'tdu b" = YlUo^tdt- The hypothesis 
imphes at < bt < dt+i/dt and b[, b" < dt+i/dt for any < t < s. We construct the sequences 
aj,a" using decreasing induction on t. Suppose we have already defined a'j,aj for j > t 
such that ^l^jia'i + a'-)di = ciidi and bt+i — b[_^_i + b'l_^_i. This is obvious for t — s. 

We consider two cases. If 6^ = 6^ + b", then we choose < b'^ and a" < b" such that 
a[ + aj' = af. We can do this, because at < bt. Also, it is obvious from the induction 
hypothesis that X]i=t('^i + (^i)di = ^l=t^idi: so we can pass from t to t — 1. 

If bt ^ b'^ + b'l we claim that b'^ + b'l = h - I. Indeed, Y!f=o% + < 2rft and 

therefore it is impossible to have b'^ + b'l < bt — 2, otherwise Yl]=oi^'j + bj)dj < hdt 
and we contradict the equahty b — b' + b". Also, since + bt_^_i — bt+i, we cannot 
have b^t + b" > bt. Similarly we get b't_i + > bt-i. By recurrence, we conclude that 
there exists an integer u < t such that: b'^_^ + b'l_i = 6„_i, , 6'„ + b" — bu + du+i/du, 
K+i + K+i = bu+i + du+2/du+i - 1, • • • , + b'^-i = bt-i + dt/dt-i - 1. 

If ttj = bj for any j G {u,...,t}, we simply choose a'j = b'j and a" = b'- for any 
j e {u, . . . , and the required conditions are fulfilled, so we can pass from t to u — 1. If 
this is not the case, then there exists an integer u < q <t such that at = bt, . . . , a^+i = 6^+1 
and aq < bq. If q = t then for any j G {u, . . . ,t} we can choose a'j < b'j and a" < b" such 
that a'j + a'j = aj. For j < t the previous assertion is obvious because b'j + bj > bj, and for 
j = t, since at < bt we have in fact at < b't + b" = bt — I and therefore we can choose again 
a'f. and aJ'. The conditions are satisfied so we can pass from t to u — 1. 

Suppose q < t. For j G {u, . . . , q — 1} we choose a'j < b'j and a'j < b" such that 
a'i + a',' = a,-. We can do this because b'- + b'' > bj > aj. We choose a' and a'' such that 
a'q + = aq + dq^i/dq. Wc cau make this choice, because aq < bq — 1 and b'^ + b'^ > 
bq + dq+i/dq — 1. For j > q, we simply put a'j = b'j and a'j = b'-. To pass from t to m — 1 is 
enough to see that Y^j=u^3^3 ~ Yl]=u(^'j + ^j)dj- Indeed, 

^(a; + a';)d, = jj(a;. + a';)d, + « + a'^)dq + ^ (a^. + a;)d, = 
i=« j=u i=9+i 

t t-i t 

j=u j=9+l j=w 

The induction ends when t ~ —1. Finally, we obtain a' and a" such that a' + a" — a, a't < b't 
and a'l < b", sts required. □ 
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Corollary 1.4.6. If I,J C S are d-fixed ideals then I ■ J is a d-fixed ideal. 

Proof. Let m e / • J be a monomial and let 1 < j < i < n be two integers. We can write 
u — v-w, where v & I and w & J are monomials. Let t <d i'i{u) be a positive integer. Since 
i'i{u) — i'i{v) + Vi{w), by previous lemma, we can choose two positive integers t' <d I'iiv) 
and t" <d Vi{w) such that t = t'+t". Since / and J are d-fixed, it follows that Xjv/x'^'^^^ e / 
and Xj'w/x'^''^^^ E J. Therefore, Xju/x'^''^^^ E I ■ J and thus / • J is d-fixed, as required. □ 

Definition 1.4.7. A d-fixed ideal I is called principal if it is generated, as a d-fixed 
ideal by one monomial u E S, i.e. I is the smallest d-fixed ideal which contains u. We 
write I —< u More generally, if ui,...,Ur G S are monomials, the d-fixed ideal 
generated by Ui, . . . ,Ur is the smallest d-fixed ideal I which contains Ui, . . . ,Ur. We write 

I =< Ui,...,Ur >d- 

Our next goal is to describe the principal d-fixed ideals. The easiest case is when we 
have a d- fixed ideal generated by the power of a variable. We denote m = {xi, . . . ,Xn} 
and = {xf, . . . , x^}, where o? is a positive integer. We have the following proposition. 

Proposition 1.4.8. Ifu = x^, then I —< u >d= nt=o("^'*0"S "^here a — Yl,t=Q^tdt- 

Proof. Let /' = nt=o('^''^*')°*- minimal generators of /' are monomials of the type 
w = Ylt^Q YYj=i ^j*^ '^'j "where < Ay and Yl]j=i ■^tj = OLt- First, let us show that I' C /. In 
order to do this, we choose w a minimal generator of /' (the one bellow). We write like 
this: < = a;^odo+ai<ii+-+a.(i, ^ a;^orfo . ..x<^-'^-. Since Aoi^o <d aodo + aidi + ■ ■ ■ + asds 

and I is d-fixed it follows that x{°^'^ x'^'^^'"^ e I. Also, Ao2C?o < a - Aoido = (ao - Xoi)do + 
aidi + ■ ■ ■ + ttsds, and since I is d-fixed it follows that x^°''^°X2°^'^°x^-^°^'^°-^°^'^° G /. 
Using iteratively this argument, one can easily see that x^"^'^" ■ ■ ■ G /. Also 

a — aodo = aidi -\- ■ — h Q;„(i„. Again, using an inductive argument, we get: 

For the converse, i.e. / C /', is enough to verify that /' is d-fixed. In order to do this, is 
enough to prove that the minimal generators of I' fulfill the definition of a d-fixcd ideal. 
Let w be a minimal generator of /'. Let 2 <i <n. Then Ui^w) = ^j=q Xudt- If P <d ^iiw) 
then P — X]t=o Ptdt with Pt < \i- Let 1 < k < i. We have 

^ • = 11(11 ^^*) • • 4'"^''*^'*- 

t=0 j^i,k 

Thus w ■ x^/x^ E I' and therefore /' is d-fixed. Since / is the smallest d-fixed ideal which 
contains a;" it follows that / C /'. □ 
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Proposition 1.4.9. If a < (5 then < >d^< >d- 

Proof. The case a — P is obvious, so we may assume a < (3. We denote I —< x"^ >^ and 
/' =< >d. We write a = J2t=o '^t^t ^^"^ P ~ Yll=oPtdt- If w is a minimal generator of 
/' then w = HLo U7=i where < Xu and X)ILi >^ti = Pt- We claim that w e / and 

therefore /' C / as required. 

Since a < (5 there exists t e {0, . . . , s} such that = /3s, . . . , a^+i = Pt+i and at < pt- 
We may assume some Xtk > 0. We have 

^ = n n ^'"'^ = n ^^^■'^■^i'*'^"'^'*^? "^'^ n n n 

j=0 1=1 j=0 i^k j>t i=l 

and now it is obvious that w & I. □ 

Proposition 1.4.10. // a and P are two positive integers, then < >d^ 
< x^ >d ■ < >d- The equality holds if and only if at + Pt < dt+i/dt for all <t < s, 
where a = J2t=o ^t^t and P = '^t=o A^* 

Proof. We denote / =< a;^"*"'^ > and I' =< x'^ > ■ < xf^ >. Also, we denote j := a + p. Let 
7 = ^t=o T*^*- We may assume 7^ 7^ 0, otherwise, we replace s with s' = max{t\ 7^ 7^ 0}. 
We use induction on t — min{j\ a'j + Pj ^ 0}. It t — s, it follows that a — agdg, P — Psdg 
and thus / = /'. Suppose t < s. We should consider two cases: (I) at + Pt — 7t or (II) 
at + Pt = 7t + dt+i/dt. 

(I) Let a := a — atdt and P = P — Ptdt. Let ^ := a + p. We denote / :=< x^ >d 
and /' :=< x^ >d ■ < >d. By induction hypothesis, we have / C /'. Therefore, since 
I = and I' = (ml'**!)^*/' it follows that 7 C 7' as required. 

(II) As above, wc define a, p, 7, / and /'. We notice that / = [in^<it])°'t+fSt-dt+i/dt . 
(m['^*+il)/ and /' = (ml'^*])"'"'"^*/'. Using induction hypothesis, it follows that / C /'. Note 
that in this case, the inclusion is strict, therefore we get the second statement of the 
proposition. □ 

We have the general description of a principal d-fixed ideal given by the following 
proposition. In the proof, we will apply Lemma 1.4.5. 

Proposition 1.4.11. Let 1 < ii < i2 < ■ ■ ■ < ir — n and let ai, . . . ,ar be some positive 
integers. If u = xf^xf^ ■ ■ -xf^ then: 

r s 

I =< u >d=< xi^ >d • < <^ >d • • • < <; >d- n n(H'*^)"'*' 

q=l t=0 

where = {xi, . . . , XiJ, m!q*^ = {xf, xf^} and aq = X)t=o 0(qtdt- 

Proof. Let I' = YVq=iYlt=oi^^^^^)°'''^ ■ "^^^ minimal generators of /' are monomials of the 
type w = YVq=i HUo iTjLi xY' '^\ where < Xqtj and YJj=i \tj = C(qt- First, we show that 
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/' C /. In order to do this, it is enough to prove that by iterative transformations we can 
modify u such that wc obtain w. 

The idea of this transformations is the same as in the proof of 1.4.8. Without given all 
the details, one can see that if we rewrite u as 

( ^ceiodo audi ^aisds\ ( „oirodo cirldi arsds\ 
-^ii ' ' ' -^ii I ' ' ' l-^ir "^ir ' ' ' "^V 

where aq = Ylit=o ^qtdt, we can pass to w, using the transformations 

Z]^ 'if %'p 

*1 A. A. 3 A. A. 3 '***'l7- A. A. 3 i ' ' ' i %r A. A. 3 

j=l j=l j=l j=l 

Therefore w e I, and thus /' C /. For the converse, it is enough to see that /' is a d- 
fixed ideal. Let w he a, minimal generator of We choose an index 2 < i < n. Then 
lyiiw) = YJq=i St=o \tidt- Let /? < yi{w). Using Lemma 1.4.5, we can choose some positive 
integers /?!,..., /J^ such that: 

r s 

{a)l3 = ^ j3q and {b)(3q <d Xqtidt, 

q=l,iq>i t=0 

i.e. I3qt < Xqti, where /3g = Y.t=oPqtdt- Let k < i. Then, 

r s / iq \ 

/^P — TTTT I TT ^^itr^^t \ {\ti-Pqt)dt {\tk-\-Mdt 



:A?=nn n 

5=14=0 \j=l,jjtk,i 



Now, it is easy to see that w • x^/x^ e and therefore /' is d-fixed. □ 
Example 1.4.12. Let d : 1|2|4|12. 

1. Let u = xf. Wc have 21 = 1 ■ 1 + • 2 + 2 ■ 4 + 1 ■ 12. From 1.4.8, we get: 

/ \/ 4 4 4^2/ 12 12 12\ 

< U >d= [Xi, X2, Xs)[Xi, X2, X^) [X^ ,X2 ,X^ ). 

2. Let u = xjxlxf. We have 9 = 1 • 1 + 2 • 4 and 16 = 1 • 4 + 1 • 12. From 1.4.11, we get 

< U >d— ^1 ^2 '^d< >d— ^l(^l) ^2)(^l) ^2) (-^1' -^2' •^3)('^1 ' -^2 ' -^3 )■ 

Remark 1.4.13. Any d-fixed ideal / is a Borel type ideal. Indeed, Proposition 1.1.4(d) 
says that an ideal / is of Borel type if and only if for any 1 < j < i < n, there exists an 
positive integer t such that x^j{u/x'^^^^'^) G /. Choosing t = Vi{u), is easy to see that the 
definition of a d-fixed ideal implies the condition above. 

Let u = xl^xl^---xt; and / =< u >d= UUUUoi^^^'^)"'' ^ where aq = ZUo^^tdf 
Let Ir-e = 11^=1 nf=o(™i*^ Then / = /q C /i C ■ ■ ■ C /r = 5* is the sequential chain 
of /. Let ne = iq^_f. Indeed, since a;"^"^J^+i C le+i C {le : x'^J. For the converse, 

let w E {le : x'^J be any minimal generator. Then there exists an integer b such that 
w ■ x^^ e Ij^. We may assume that w is a minimal generator of 7^. Then w ■ x^^ — w' ■ y for 

aw' e 7^+1 and y e 115=0 ("^l-i)"'^"^'^ with x'^^\y. Thus w'\w, and therefore w e T^+i. 
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1.5 Socle of factors by principal d- fixed ideals. 

In the following, we suppose n >2. 

Lemma 1.5.1. Let d : 1 = do\di\ ■ ■ ■ \ds, a e N and I =< < >d= HLol^'*^)"'- -^^^ 
Qt = Yfj=t(^3dj- Let 

s 

t=0,at>0 j>t 

Then: 

1. Soc{S/I) = ^ 

2. Let e he a positive integer. Then (^^)e 7^ <^=^ e = + (n — — 1) — 1, for some 
<t < s with at > 0. 

3. max{e\{^)e 7^ 0} = a,d, + {n - l){d, - 1) - 1. 

Proof. 1. Firstly, we prove that ^ C Soc{S/I). Since Soc{S/I) = (O -.3/1 m), it IS enougn 
to show that mJ C /. 

We have J = 'EUo,at>oJt^ ^^ere Jt = (xi ■ ■ ■ a;„)*-i(m[*l)°*-^ nj>t(in''^'0"'- ^ is 
enough to prove that XiJt G I for any i and any t. Suppose i = 1: 

XiJt = x't{x2 ■ ■ ■ Xny*-\ni^'^*^y*-^ Ylim^'^i^p C {x2 ■ ■■XnY*-'^ JJ(m['^^l)"^-. 
On the other hand, (x2 - ■ ■ Xn 

Y'''^ e ni<t(m''^'0"'> because dt - I > Y.j<t'^jdj. Thus 

XiJt c /. 

For the converse, wc apply induction on a. If a = 1 then s = and / = . . . , x^) — 
m. J = { Y" 1 — g^j^^j obvious Soc{S/I) = Soc{S/m) = S/m. Let us suppose 

that a > 1. We prove that if w G 5* \ / is a monomial such that mw C /, then w E J. 
Let te — max{t : xf^^\w}. Renumbering xi, . . . ,Xn which does not affect either I or J, 
we may suppose that ti > t2 > ■ ■ ■ > tn- We have two cases: {i)ti > tn and (ii)ti = tn- But 
first, let's make the following remark: {*) li u — x^^ ■ • ■ x^" e Y[j>t A < ^* 

certain i then u/xf" e IIj>t'^^'^^^ (^^e proof is similarly to [23, Lemma 3.5]). 

In the case (i), there exists an index e such that t^ > te+i = ■ ■ ■ = tn- Then we have 
w = {xn ■ ■ ■ Xe+i)*"^"*^ ■ xt^" ^ ■ y, for a monomial y E S. We consider two cases (a) Xe does 
not divide y and (b) x^ divide y. (a) From XnW = Xn" ■ {xn-i ■ ■ ■ Xe+iY^^'^^xt"'^ ■ U ^ I 

we see that y e nj>te("^'^^^)"^' (*)• Therefore w E I, because xf""^ E Y[j<tei™-'^'^^^Y^ ^ 
which is an contradiction. 

(b) In this case, w = (x„ ■ ■ ■ x^^iY^'^^^xt^'^y' , where y' = y/x^- We claim that there exist 
\ < te such that a\ 7^ 0. Indeed, if all q;a = for A < t^, then / = n^=i^_,_i(m^°'^')"^ ^^"^ 
XnW E I implies y' E I because of the maximality of tn and (*). It follows w E I, which is 
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false. Choose X < te maximal possible with ax ^ 0. Set w' — w/x'^^. Note that raw C / 
implies 

mwdl' = (m[^*A])"A-i JJ(in['^%l)"^ 

It is obvious that Xqw' G /' for q ^ e. Also, since x't"^^ docs not divide XeW implies 
Xew' e /'. Choosing a' = a — d\, we get a'j = aj for j 7^ A and a'^^ = ax — 1 and 
therefore we can apply our induction hypothesis for I' (because a' < a) and for the ideal 
J' associated to which has the form: 

J'= J2 {xi---Xn)'^'-\ni^'^'Y''~^Yl{^^'^'Y', 

q=0,a'g^O j>q 

and so w — x'^^w' e x'l^J' C J. 

It remains to consider the case (ii) in which we have in fact ti = t2 = ■ ■ ■ = tn. If 
y = w/{xi ■ ■ ■ Xn)*^*"'^ G m, then there exists e such that x^\y, and we apply our induction 
hypothesis as in the case (6) above. Thus we may suppose y = I, i.e. w = {xi- ■ •a;^)*"""''. 
Since mw C /, we see that aj = for j > tn and at„ — 1 (otherwise w & I, which is 
absurd). Thus w e J. 

2. Let V = xf~\x2 ■ ■ ■ XnY'-^. Then deg{v) ^qt + {n- l){dt - 1) - 1. But G J and 
V ^ I, therefore u 7^ in Soc{S/I) = 

3. Let et^ qt + {n- l){dt - 1) - 1 for < t < s. Let t < s. Then 

et+i-et = qt+i-qt + {n-l){dt+i-dt) = -atdt+{n-l){dt+i-dt) > dt+i-{at+l)dt > 0, so 
max{e\{{J + I)/I)e 7^ 0} = = a^d^ + (n - l)(ds - 1) - 1. 

□ 

Remark 1.5.2. From the proof of the above lemma, we may easily conclude that for 
n > 3, et = et' if and only if t = t', and if n = 2, then = e^/ {t < t') if and only if 
at'-i = df/df-i, ...,at^ dt+i/df. 

Corollary 1.5.3. With the notations of previous lemma and remark, let < t < s be an 
integer such that at 7^ 0. Let ht = dimx^^I + Jt)/I)- Then: 

1. G{Jt) n (7 + Jf) ^0 forO<t' <s,t' t. 

{^g, if n > 3 and e = Cq for a q < s with ag 7^ 0. 
Eq if IT- — 2 and q G {e\e = e^ for e < s with a^ 7^ 0}. . 
0, otherwise. 
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Proof. 1. First suppose f <t. A minimal generator = x^^ ■ ■ -x^" of Jt has the form 
{x,- ■■x^r^-']J{x',^^'^...xt^% where j2>^^j = h' , V-^ ■ 

Thus, Pi = dt — 1 + Yl^]=t^ijdj- On the other hand, dt — 1 — X]*=o(^j+i/'^i ~ so f3i 
has the writing X]j=o Ai'^i' where /9y = dj^i/dj — 1 for j < t and Pij = Xij for j > t. 

Assume that a:^ G / + Jt' for a certain t' < t. Then there exists 7 G such that x"^ G 
G{I) (or x'^ G G{Jt')) and x'^'ja;'^, that is 7^ < /9j for all 1 < i < n. Let 7^ = '^j^g'Jijdj, the 
d— decomposition of 7j. We notice that • • • , Ao) > (Tjs, • • • , lio) in the lexicographic 
order. 

Note that all minimal generators x'^ of / have the same degree a < et and Yli=i liq — 
for each < g < s. Also all minimal generators x'^ of Jf have the same degree Cf < et and 
Yli=i1iq — each t < q < s. It follows deg{x^) > deg^x"') and so Pi > 7^ for some i. 

Choose a maximal q < s such that Pig > jig for some i. Thus (3ij = jij for j > q. It follows 
Pig > ^iq since {Pis, Pio) >iex {lis, ■ ■ ■ , 7io) ■ H ? < ^ then we have 

n n n 

^q ~ ^ ] liq ^ ^ ] Piq ~ ^ ] -^19 ^ ) 

1=1 1=1 i=l 

which is not possible. It follows q < t and so Pit — lit for each i. But this is not possible 
because we get at = Yl'^^i lit = Zir=i = - 1. Hence x^ ^ I + Jf. 

Suppose now f > t. If e^ > et, then G{Jt) fl G{Jt') = by degree reason. Assume 
et = et'. If follows n = 2 by the previous remark. If Xi^X2^ G G{Jt) fl Jf we necessarily get 
xf^Xg^ G G{Jt) n G{Jt') again by degree reason. But this is not possible since it implies 
that af -1 = Pif + P2f = af. 

2. and 3. follows from 1. □ 

Theorem 1.5.4. Let u — YYq=i > where 2 < ii < 12 < ■ ■ • < ir < n. Let 

r s 

I^<u>a^l[l[{m^^^Y^^, 

q=l j=0 

where ag = J2j=o '^qj^j- Suppose ir = n. Let 1 < a < r be an integer and 

Pa{I) {{\,t) G WxW\ 1 < Ai < • • • < A„ = r,i„ > • • • > t^,ax^t. 7^ 0, /or 1 < 1/ < a). 

Let J = X)a=i E{A,t)GPa(/) -^i^t)' ^^^^^ '^{^,*) ^^^"^ 

a a Ai/ — 1 



e=l i/=l j>t„ q=X,y-i+l j>U 



where we denote mt*-+il = S. Then Soc{S/I) = {J + I)/ 1. 



1.5. SOCLE OF FACTORS BY PRINCIPAL B-FIXED IDEALS. 



25 



Proof. The proof will be given by induction on r, the case r = 1 being done in Lemma 1.5.1. 
Suppose that r > 1. For 1 < g < r, let: Ig = Yll^i Ylj=oi'"^e'^^)°'''^ = ^[^i' ^2, ■ ■ ■ , 2^iJ 

For t with 0) denote: 

Let JW be an ideal in Sr-i such that 5oc(5^_i//(*)) = +/(*))//(*). The induction step 
is given in the following lemma: 

Lemma 1.5.5. Suppose ir — n and let 

t=0,artj^0 j>t 3>t 

Then Soc{S/I) = {J + I)/I. 

Proof. Let w G 5* \ / be a monomial such that m^w C /. As in the proof of lemma 
1.5.1, we choose for each 1 < p < n, Cp — max{e : Renumbering variables 

. . . , (it does not affect I, J and /^*^), we may suppose e„ < e„_i < ••• < 

^ir-i+i- Set t — e„. We claim that ^ 0. Indeed, if 0;^ = then from XnW & I we 
get Xnw/x'^~^ el — Yljyti'i^^r^^)"'''^ Ir-1 becausc e nj<t('^»-'^^^)°''^- Since i = e„ is 

maximal chosen, we get w/x'^~^ G / and so w G / a contradiction. 

Reduction to the case that x^* does not divide w. Suppose that w — x'^w and set 

7= (mf l)""*-! (m[^'])"-/,_i. 

e<0,e^t 

Wc sec that m-u; E I mw G /. Replacing w and / with w and /, we reduce our problem 
to a new t <t. The above argument implies that 7^ 0, where a is the 'new' a of /. 

Reduction to the case when = for j > t, art = 1 and ar-i,t = 0. Prom 

XnW G /, we see that there exists p < n such that Xp \w for j > i if a^j 7^ 0, or j = i if 
ctrt > 1. Choose such maximal possible p. Set w' — w / Xp\ 

I' = (ml'^^])"'-^-! JJ (m['^^])""/^_i. 

We see that vow <Z I <^ raw' C because from XnW G /, we get Xnw' G /' from the 
maximality of p. 

Let = a^j ~ 1 and = for (g, e) 7^ (r, j). a' is the 'new' a for /'. If we show 
that 

e>0,a'^e^O €>e j>e 
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then w = Xp^w' G m^r^^J' C J. Using this procedure, by recurrence we arrive to the case 
arj = for j > t and art = 1- Again from XnW G /, we note that there exists p < v_i 
such that x'p' \ w for j > t with cir-ij 7^ 0. Choose such maximal possible p and note that 
mw C / if and only if mw" G /" for w" = w / x'p , where 

7" = (m^ii)"-!--! H (m[.'?!\)"'-i- J](m['^^l)"-7,_2. 

e>0, e^j e>0 

As above, we reduce our problem to I" and the a", which is the new a of I", is given by 
Oir-i,j — ctf-ij-i, CKgg = CKqe for e) 7^ (r — Using this procedure, by recurrence we 
end our reduction. 

Case arj = cir-ij = for j > t, art = 1 i c^r-it = and does not divide w. Let 
express w = {xn ■ ■ ■ Xj^.i+i)'^*"^!/. We will show that y does not depend on {xn, • • • , 
Indeed, if n = ir-i + 1 then there is nothing to show since x^* does not divide w. Suppose 
that n > ir-i + 1, then from XnW G / we get y G Ir-i because x'^^Zi G Ylj^ti'i^t^)"'"'^ and 
the variables Xn, • • • , are regular on S/Ir-iS. If y = Xrjy' for 77 > ir-i, then as above 

7/' G /r-i- Thus w G x'^^Xp^~^y' C / for any p 7^ rj,ir~i < p < n, a contradiction. 

Note that nirW G / =^ G J*-*^ and so w G (x^ ■ ■ • Xj^.i+i)'^*" Since arj — 

ar-ij = for j > t and art — 1 and ctr-i.t = 0, we get w E J. Conversely, if |/ G J^*-*, then 
it is clear that w E J. □ 

We see by the above lemma that: 

e>0,are¥'0 j>e j>e 

Since Aa = r — 1, by the induction hypothesis apphed to I^^^ we get: 

«=1 (A,t)eP„(/W),ta=eS=l 
a 

+ E n(^^A. • • • ^^A.-i+i)"*^"' • -^(A,*)]' ^^e^e 

(A,t)eP„(7(«)),ta<e s=l 

■^(v) = n {^ty^-^i^t^r'-"--' ■ n n H^^r-Jix,), and 

j>ta q=K-l + lj>ta 

1^=1 j>ti/ q=A,^_i+l j>t,/ 
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If ta = e, set XI = Xu for u < a, X'^ = r and see that (A', t) G Pail)- If ta < e, then put 
X'l = Xu for z/ < a, A'^^'^^ = r, = ioi u < a and t"^^ = e and then (A",i) e Pa+i(/). 
Substituting J^*^) in (*), we get the following expression for J: 

a=l (A',«)GPa(/)'^=l i>e g=A^_i+lj>e 

r-1 a+1 



Since all the pairs of Pb{I) have the form (A',t) or {X",t") for a pair (A,t) e -P6(-^) or 
(A,t) e Pb_i(/) respectively, it is not hard to see that the expression above is the formula 
of J as stated. □ 

Let Sq = max{j\aqj 7^ 0}, dqt = Ee=i Yfj>t(^ejdj, Dq = + for 1 < g < r. 

Corollary 1.5.6. With the notation and hypothesis of above theorem, for {X,t) e Pa{I) 
let: 

d{\t) = E E E ^^^^ ■ 

i/=l q=X^-i+l j>U 

1. Soc{Ir-iS/I)^ Soc{S/I). 

2. ((J + I)/I)e 7^ 0, if and only if e = c?(A,t) + E1^=i(^a. - ^a._i)(4. - 1) for some 
l<a<r and {X,t) G Pa{I). 

3. c = max{e\{{J + I)/I)e ^ 0} = dr,s. + (n - - 1) - 1. 
Proof. l.Note that J{x,t) is contained in 

r a a— 1 

q=l,qi{\l,...,\q} i^=l ji^t^ e=l 

Since ni^*'+^ C m^'^' for tg+i > t^ and A^ = r if follows that 
as desired. 



A''-l 
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2. If ((J + I)/I)e 7^ then there exists a monomial ?7, G J \ / of degree e. But u & J, 
imphes that there exists a G {1, . . . ,r} and (A,t) G Pa(-^) such that u G ^(A,t)- Thus the 
degree of m is e = d(^x,t) + E"=i(^a, - ix,_^){dt^ - 1) - 4i, as required. 

Conversely, let e = d(^x,t) + J2l=i{ix. - iK-i){du - 1) - dti for some a G {1, . . . , r} and 
(A, t) G Pa{I)- We show that the monomial 



a 

_ _ . ...^ _ . rfcx t\—dt 

W 



i/=i 

Obvious w G J. Let us assume that w ^ I. Then w/a;*""^ G Ilj^tt 

because 

^dt„-i ^ Jl^.^^^(ml^'^J^)"^"^ and Xi^^ ^ nij for j < Xa- Inductively we get that: 

'?=Aa-l + li>ta 

Following the same reduction and using that ta > ■ ■ ■ > ti we obtain that: 



n nK:r- 

1^=1 g=Ai^_i+l j>U 



So (i(A,t) — (iti > rf(A,t); a contradiction. 

3. Note that c = c^(A',t') for (A',^') e with A' = Ai = r and t' — ti — Sr- We have 

to show that: 

a 

c = dr,sr + {n- l){ds, -!)-!< rf(A,t) + X^(^a. - ^A._i)(c?t. - 1) - dt^, 

for any 1 < a < r and (A, t) G Pa{I)- Since cis^ — 1 < (cit^ ~ 1) + Sj<t^ '^gj'^j fo^ ? with 
< q < iu, see that: 

a 

dr,sr + {n- - 1) - 1 > c?(A,t) + J](^A. - ^A._J(c^t. - 1) + (^Al - - 1) - 1- 

i/=2 

On the other hand, {ix-^ — ixo){dti — 1) = {ixi — l)(<^ti ~ 1) + dt^ — 1, and replacing that in 
the above relation we obtained what is required. □ 

Example 1.5.7. Let d : 1|2|4|12. 

1. Let u = xf^. We have ao = 1, ai — 0, a2 = 2 and 0:3 = 1 so: 

/ =< U >d— {Xl, X2, X3){x'l, X2, X'^)'^ {xl^ , X^^ , xl^) . 

Let J = Et=o,a*>o-^t> where J* = {x^x^xsY^-^xf^ xi\ xtT''' Uj>t{4\ 4\ ■ 
Jo = {xiX2Xsy-^ ■ (xi,a;2,a;3)^-^ ■ Ylj>ti4' ,4')'^' = {x\,xi,xif{xl^,xl^,xl^). 
■h = {xiX2X3)'^~^{x'l,X2,xf)'^~^{x\^,xl^,xl^) = {xiX2X3Y{x'l, X2, xf){x'l, X2, x^^) and 
Ja = (xixsxs)^^-! _ ^xiX2X3yK From L5.1 , Soc{S/I) = {J + I)/I. 
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2. Let u = X2xl^. We have r = 2, ii = 2 and ^2 = 3. Also aio — 1, ai2 — 2, a22 — 1, 
Q!23 = 1 and the other components of a are zero. Then 

We have two possible partitions: (a) (2) and (b) (1 < 2). 

(a) A — Xi — 2, t — ti such that a2t 7^ 0. We have two possible t: t — 2 or t — 3. 

(i) For t — 2 we obtain (according to the Theorem 1.5.4) the following part of the 
socle: 

J{2,2) = (xiX2X3f{xl^,xl^,xf){xl,X2)'^ 

(ii) For t — 3 we obtain: 

(b) l = Ai < A2 = 2, t = (^1,^2) such that ax^t^ 7^ for 1 < e < 2 and ti < ^2- 
According to our expressions for ctj we have three possible cases: ti — 0,t2 — 2 or 
ti — 0,t2 — S or ti — 2,t2 — 3. 

(i) For ti — Q and t2 = 2 we obtain: 

^(l,2),(0,2) = xl{x{,xl){x\,xlf{x^^,x}^,xf). 

(ii) For ti — Q and ^2 = 3 we obtain: 

^(l,2),(0,3) = X^^{xf,x}^){x\,x\f 

(iii) For ti = 2 and ^2 = 3 we obtain: 

^(l,2),(2,3) = xlxlxl\xl^,xl^){x^i,X^) 

From 2.4 it follows that if J = J(2,2) + ^(2,3) + -^(1,2), (0,2) + ^(1,2), (0,3) + -^(1,2), (2,3) then 
Soc{S/I) = {I + J)/J. 

1.6 A generalization of Pardue's formula. 

In this section, we give a generalization of a theorem proved by Aramova-Herzog [3] and 
Herzog-Popescu [24] which is known as "Pardue's formula". 

Let 1 < ii < i2 < ■ ■ ■ < ir = n and let ai,...,ar be some positive integers. Let 
u = Y[l=i & S — K[xi, . . . , Xn\ - Let / =< u >d the principal d-fixed ideal generated by 

u. From Proposition 1.4.11 it follows that / = nr=i 11^=0(^9^^')"''^ where ag = J2'j=o ctqjdj- 

If ii = 1, it follows that / = x"^!', where /' = 111=2 11^=0 (^9'^')"''^ therefore reg{I) — 
ai + reg{I'). Thus, we may assume ii > 2. 

If A?" is a graded S'-modulc of finite length, wc denote s{N) = max{i\Ni 7^ 0}. Let 
Sg = max{j\agj ^ 0} and dgt = Yll=i^j>t'^ejdj. Let Dg ^ dgs^ + {ig - 1)(4, - 1), for 
1 < g < r. With this notations we have: 
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Theorem 1.6.1. reg{I) = maxi<q<rDq. In particular, if I —< >d and a — "^l^QCKtdt 
with as ^ then reg{I) = asds + (n — l){ds — 1). 

Proof. Let h = lYqZ{ nj=o(m?'^)"'' ' for < £ < r. Then 7 = /q C Ji C ■ ■ ■ C = is the 
sequential chain of ideals of /, i.e. J^+i = {le : a;^), where ne = ir-e- Let Si — k[xi, . . . , Xn^] 
and rrii = {xi, . . . , Let Ji C S^ be the ideal generated by G{Ii). 

The Corollary 1.5.6 implies that Ce = D^ — l is the maximal degree for a nonzero element 
of Soc{Se/Je). Proposition 1.2.2 implies reg{I) = max{s{JpyJe) | £ = 0, . . . , r - 1)} + 1. 
Also, from the Corollary 1.5.6, we get 

s{Jr'/Ji) = s{Soc{jr'/Je)) = s{Soc{SfJJe)) = D,-1, 

which complete the proof. Indeed, for the first equality, if -u G Jp* \ Je and deg{u) = 
s{J'P^/j£) it follows that u G S oc{J'P^ / Ji) , since mu C Ji by degree reasons. □ 

Corollary 1.6.2. reg{I) < n ■ {deg{u) — 1) + 1. 

Corollary 1.6.3. S/I has at most r -corners among {iq,Dq — l) fori <q<r. Ifii ~ 1 we 
replace (ii, Di — 1) with (1, cti). The corresponding extremal Betti numbers are Pi^^Og+ig-i- 

Proof. By Theorem 1.1.6 combined with the proof of Theorem 1.6.1, 5*// has at most 
r-corners among (n^, s(/^+i5'^//^5'^)) and is enough to apply Corollary 1.5.6. □ 

Example 1.6.4. Let d : 1|2|4|12. 

1. Let u^xf e k[xi, X2, xs\. We have 21 = l- l + 0- 2 + 2- 4 + l-12. Prom 3.1, we get: 

reg{< m >d) = 1 ■ 12 + (3 - 1) • (12 - 1) = 34. 

2. Let u — xfxl^xl. Then reg{< u >d) — 2 + reg{< u' >d), where u' — u/x\. We 
compute reg{< u' >d)- With the notations above, we have ?'i = 2, i2 = 3, r = 2, 
«! = 16 and a2 = 9. We have ai = 1 • 4 + 1 • 12 and 02 = 1 ■ 1 + 2 ■ 4, thus Si = 3 and 
S2 = 2. Di = di3 + (2 - l)(rf3 - 1) = 12 + 11 = 23 and D2 = ^22 + (3 - l){d2 - 1) = 
24 + 6 = 30. In conclusion, reg{< u >d) = 2 + max{23, 30} = 32. 

3. Let u = x'^x^, with 1 < a < h < n and (3 < a, (3\a be two integers. Set di = f5. d2 = a 
and let / be the principal d-fixed ideal generated by u. Obviously / = SBT{u) — 
(x", . . . ,x'^){x1, . . .,xl). We have ii = a, ^2 = 6, Si = 2, §2 = 1, disi = ct) ^2s2 = Q;+/3, 
D^ = a + {a- l){a - 1) = 0(0; - 1) + 1 = Xi + 1, ^2 = « + /3 + (6 - l)(/3 - 1) = 
a + h{f3 — 1) + 1 = X2 + 1 in the notations of Theorem 1.3.6. Note that 1.3.6 and 1.6.1 
give the same regularity of /, namely max{Di., 02}. 

Definition 1.6.5. We say that a monomial ideal I G S is a V-fixed ideal , if I is a sum 
of d-fixed ideals, for various d-sequences. 

Since any d-fixed ideal is a Borel type ideal and a sum of Borel type ideals is stil a 
Borcl type ideal, it follows that any "D-fixed ideal / is a Borel type ideal. Therefore, from 
Corollary 1.2.11 we get the next: 
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Corollary 1.6.6. If I is a V-fixed ideal then reg{I) — min{e : e > deg{I), I>e is stable}. 

We mention that this resuh was first obtained as a consequence of the proof of Pardue's 
formula by Herzog-Popescu [24] in the special case of a principal p-Borel ideal. 

1.7 d- fixed ideals generated by powers of variables. 

Firstly, let fix some notations. Let Ui, . . . ,Ujn G 5* be some monomials. We say that / is 
the d- fixed ideal generated by iti, . . . , Um, if I is the smallest d-fixed ideal , w.r.t inclusion, 
which contained ui, . . . , Um, and we write / =< Ui, . . . >d- In particular, if m = 1, we 
say that / is the principal d-fixed ideal generated hy u — ui and we write I —< u >d- 

Lemma 1.7.1. If 1 < j < f < n and a > (3 are positive integer, then < x'^ >(Z< Xj, >. 

Proof. Indeed, using Proposition 1.4.9 it is enough to notice that < x^ >C< Xj, > which 
is true because x^ E< xJ, >. □ 

Our next goal is to give the minimal set of generators for a d-fixed ideal generated by 
some powers of variables. Using the previous lemma, we had reduced to the next case: 

Proposition 1.7.2. Let n > 2 and let 1 < ii < 12 < ■ ■ • < ir — n be some integers. Let 
ai < a2 < ■ ■ • < CKr some positive integers. Then 

r Q s 

I =< xi\xz\ xt; >d= E i^'Kwtth /(^) = E n n("i*^)^"' 

0<7i,...,7q<daq, ^=l*=0 

7i H l-7i < "i, fori<q 

7i H \-li<d cxg, fori<q 

7l + • • • + 7q = 

where lie = Xi^}, n^e*^ = {xt_,+i, a^J}; «o = and 7e = J2Uo 'yet- 

Proof. Let m^ = {xi, . . . , Xj^} for 1 < g < r. Obviously, = m^ \ mg_i for > and 
ni = mi. Using the obvious fact that / is the sum of principal d-fixed ideals generated by 
the d-generators of / together with Proposition 1.4.8 we get: 

r s s 

I ^J2l[{infY'', where a, = J^agtd*. 

q=l t=0 t=0 

Denote Sq = K[xi, . . . , XiJ for 1 < g < r. In order to obtain the required formula, we use 
induction on r > 1, the case r — 1 being obvious. Let r > 1 and assume that the assertion 
is true for r — 1, i.e 



/' =< >d= x: E n Ili^t^r' c s., 

1=^ 0<7i,...,7g <dag, ^^=1*=° 
71 H l-7i < "i; fori<q 

71 H 1- 7i <d aq, for i < q 

71 H +lg=ag 



r-1- 
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Obviously, / = rS+ < x'^- >d= /'S' + nt=o(™'- T"*- ^1*^°' ^'^ ^' ^^^^ same set of 
minimal generators and none of the minimal generators of I'S is in I^^\ because of degree. 

But, a minimal generator of < x^"" >d is of the form w = Y[t=o Y\^j=i ^j*'''^* with < Xtj 
and J2j=i ^tj — ^rt- Suppose w ^ I'S. In order to complete the proof, we will show that 
w e 7^''^. Let Vq = Ylt^Q nj=iq_i+i s-nd let Wq = Yll^i Vg. Obvious, w — Vi - ■ -Vr — w^. 
Since w ^ 7' it follows that Wq ^ 7^^^ for any 1 < q < r — 1. But Wq ^ 7^^^ imphes 
(*) X]t=o X]j=i '^tj^t < ^q-i otherwise Wq e< x^^Sq >d 'S'^-i C I' and thus w & I', a 
contradiction. We choose 7e = ^1=q Z^jLj^.i+i -^ti<'^t for 1 < e < r. For 1 < g < r, (*) 
implies 7i + ■ ■ ■ + 7g < ctq. On the other hand, it is obvious that 7i + • • • + 7e <d cty for any 
1 < e < r and 71 + • — h 7^ = c^r- Thus w e 7*^'') as required. □ 

Example 1.7.3. Let d : 1|2|4|12 and let 7 =< xl,xl^,xl'^ >C K[xi, . . . ,X5\. We have 
7=l-l + l- 2 + l-4, 10 = l- 2 + 2-4, 17=l-l + l- 4 + l-12. We have 

/W =< >d= {Xi,X2){xl,xl){x'^,xi). 

In order to compute 7^^), we need to find all the pairs (71, 72) such that 71 < 7, 71 <d 10 
and 72 = 10 — 7i. We have 4 pairs, namely (0, 10), (2, 8), (4, 6) and (6, 4), thus 

^ = (x^, X2){Xi, 3^2)^3 "I" (-^1' •^2)'^3 "I" (-^1' •^2)'^3 "I" (-^3 )■ 

In order to compute 7^^^ we need to find all (71, 72, 73) such that 71 < 7, 71 + 72 < 10, 

7i <d 17, 7i + 72 <d 17 and 73 = 17 - 71 + 72. If 71 = then, the pair (72,73) is one of 
the following:(0, 17), (1, 16), (4, 13) or (5, 12). If 71 = 1 then, the pair (72,73) is one of the 
following:(0, 16) of (4, 12). If 71 = 4 then, the pair (72,73) is one of the following:(0, 13) of 
(1, 12). If 71 = 5 then, the pair (72,73) is (0, 12). Thus 

7(3) ^ {x^,X2){xt,xt){xf,xf) + {xt,xt)xs{xf,xl') + {xt,xt){x,,x,){xf,xl')+ 

+ {xi,X2)xt{xl^,xl^) + {xi,X2)ixl,x'^){xl^,xl^) + (0:4, Xg) (0:4^ ) + 
-{-X^i^X/i^, X^){x^ ,X^ )+ (2:4 ,X^ ) + (2^4, 2^5) (3^4 ) -^5) (-^4 ) -^5 )• 

From Proposition 1.7.2, we get 7 = 7^^) + 7^^) + 

RemEirk 1.7.4. For any 1 < q < r and any nonnegative integers 71, . . . , 7^ <d otq such that 
71 H h 7i < CKj, 71 H h 7i <d CKg for 1 < i < and 71 H h 7^ = we denote 

q s r 

4S-,7« = YlYli^e'^y^* -Proposition 1.7.2 implies ■ I Yl ^S-,t«- 

e=l t=0 q=l 7l>---,7g 

Let m = (xi, . . . , Xn) C 5" the irrelevant ideal of -S". We have: 

n n r n r 

(7 m) = n(/ : = n((E E «...,7j ■ = E ■ 

j = l J=l 7l,--:7q i = l 9=1 7l,--,7q 
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On the other hand, if Xj e for some 1 < p < q then 



q s 



where Hpjl'^*! = . . . , xf-\ xJ) and npj[<^*](n['^*l)Tf*-i _ g -f ^ g. Thus 

/ r \ I ^ \ ™ 

(/:.m)=K: E ... i: i: 



where for a given , we have that 7^, ... ,7^ <d are some nonnegative integers such 
that h 7^ < ctj, 7^ H h 7- <d ctg for 1 < i < g-' and 7^ H h 7^ = a^. 

Proposition 1.7.5. Le^ n > 2 and let 1 < ii < 12 < • ■ ■ < ir — n some integers. Let 

ai < a2 < • ■ • < Oir some positive integers. Let Sq = max{t\ Uqt > 0} for any 1 < q < r. 
We consider the ideal I — Yl^^i Iq, where Iq —< x^^ >d- Then, we have: reg{I) < reg{Ir). 

Proof. Denote e = max{reg{Ii), . . . ,reg{Ir)}. Since a d-fixed ideal is an ideal of Borel 
type, by Corollary 1.2.13 it follows that reg{I) < e. On the other hand, if wc denote 
Sq = max{t\ aqt > 0} for any I < q < r, from Theorem 1.6.1 we get reg{Iq) = Oiqs^ds^ + iiq — 
— 1), thus max{reg{Ii), . . . ,reg{Ir)} = reg{Ir). In conclusion, reg{I) < reg{Ir). □ 

Proposition 1.7.6. With the above notations, for any 1 < q < r we have: 

(Iq : m,) + (/l + - ■ ■ + Iq) C + - ■ ■ + Iq) : Ulq) C + - • ■ + Iq) : Uq) = [Iq : nq) + {h + - ■ ■ + Iq). 

Proof. Fix 1 < g < r. The first two inclusions are obvious. In order to prove the last 
equality, it is enough to show that {{Ii + ■ ■ ■ + Iq) : Xj) C {Iq : Xj) + {Ii + ■ ■ ■ + Iq) for 
any xj G n^. Indeed, suppose u G ((/i + ■ ■ ■ + Iq) : Xj), therefore Xj ■ u E h + ■ ■ ■ + Iq. U 
Xj ■ u ^ Iq it follows that Xj ■ u & le for some e < q. Thus u & le, since xj does not appear 
in a minimal generators of /g- D 
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Chapter 2 



Generic initial 
intersections. 



ideal for complete 



2.1 Main results. 



Let S = K[xi, . . . ,Xn] and let / = (/i, . . . , /„) C 5 be an ideal generated by a regular 
sequence of homogeneous polynomials. We say that a homogeneous polynomial / of degree 

d is semiregular for S/I if the maps {S/I)t — > {S/ I)t+d are either injective, either surjec- 
tive for all i > 0. We say that S/I has the weak Lefschetz property (WLP) if there exists 
a linear form £ e S, semiregular on S/I, in which case we say that £ is a weak Lefschetz 
element for S/ 1. We say that S/ 1 has the strong Lefschetz property {SLP) if there exists 
a linear form £ E S such that is semiregular on S/I for all integer 6 > 1. In this case, 
we say that £ is a strong Lefschetz element for S/ 1. 

We say that a property (P) holds for a generic sequence of homogeneous polyno- 
mials /i,/2,---,/n £ S — K[xi,X2, ■ ■ ■ ,Xn\ of given degrees di,d2, ■ ■ ■ ,dn if there ex- 
ists a nonempty open Zariski subset U C S^^ x Sd2 x • • • x Sd^ such that for every 
(/i, /2, • • • , /n) e ^ the property (P) holds. 

Conjecture. (Moreno) If fi. f-z- ■ ■ ■ , fn ^ S = K[xi, . . . , Xn] is a generic sequence of homo- 
geneous polynomials of given degrees di, dz, ■ ■ ■ ,dn, I = (/i, . . . , /„) and J is the initial 
ideal of / with respect to the revlex order, then J is an almost revlex ideal, i.e. if m e J is 
a minimal generator of J then every monomial of the same degree which preceeds u must 
be in J as well. 

Theorem 2.1.1. If fi, fz, fs & S = K[xi,X2,x^] is a regular sequence of homogeneous 
polynomials of given degrees di, dz, d^ and I = (/i, fz, fs) such that S/I has the (SLP) then 
J — Gin{I) is uniquely determined and is an almost reverse lexicographic ideal. 

Proof. The theorem is a direct consequence of the Propositions 2.2.3, 2.2.8, 2.3.3, 2.3.8, 



2.3.13 and 2.3.17. 



□ 
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Theorem 2.1.2. The conjecture Moreno is true for n — 3 (and char{K) — Q). 

Proof. Notice that (SLP) is an open condition. Also, the condition that a sequence of 
homogeneous polynomial is regular is an open condition. It follows, using Theorem 2.1.1, 
that for a generic sequence /i, /2, /a of homogeneous polynomials of given deg rees c?i, (i2) c^S; 
J = Gin{I) is almost revlex, where / — (/i,/2,/3)- But the definition of the generic 
initial ideal implies to choose a generic change of variables, and therefore for a generic 
sequence /i, /2, /a of homogeneous polynomials of given degrees in{I) is almost revlex, as 
required. □ 

Prom now on, we fix some integers 2 < di < d2 < d^- Let /i, /2, /a € S = K[xi,X2, x^] 
be a regular sequence of homogeneous polynomials of given degrees di,d2,d^ and / = 
{fi-ifi-ifi) such that 8/ 1 has the (SLP) and let J = Gin{I) be the generic initial ideal of 
/, with respect to revers lexicographic order. We will use these conventions in the sections 
2 and 3 of this chapter. 

Remcirk 2.1.3. In order to compute J we will use the fact that J is a strongly stable 
ideal, i.e. for any monomial u & J and any indices j < i, if Xi\u then Xju/xi e J. Also, 
a theorem of Wiebe (see [34]) states that S/I has (SLP) if and only if ,^3 is a strong 
Lefschetz element for 8/ J. We need to consider several cases: I. di + d2 < d^ + 1 with 2 
subcases di = d2 < d^, rfi < ^2 < (section 2) and II. di + d2 > d^ + 1 with 4 subcases: 
di = d2 = ds, di = d2 < d^, di < d2 = c/3, di < d2 < d^ (section 3). 

The construction of J in all cases, follows the next procedure. For any nonnegative 
integer k, we denote by the set of monomials of degree k in J. We can easily compute 
the cardinality of each J^. from the Hilbert series of 8/ J. We denote 8had{Jk) = {xiU : 
1 < i < n, u E Jk}. We begin with Jq = and we pass from to J^+i noticing that 
Jjfc+i = Shad{Jk)Li eventually some new monomial(s) (exactly \Jk+i\ — \8had{Jk)\ new 
monomials) . The fact that J is strongly stable and that x^ is a strong Lefschetz element 
for 8/ J tell us what we need to add to 8had{Jk) in order to obtain Jk+i- We continue 
this procedure until k = di + d2 + d-^ — 2 since = 8k(=the set of all monomials of 
degree k) for any k > di + d2 + d^ — 2 and so we cannot add any new monomials in 
larger degrees. J is the ideal generated by all monomials added to Shad{Jk) at some step 
k. We will present detailed this construction only in the subcase di — d2 < ds of the case 
I.di + d2 < ds + 1 (Proposition 2.2.3), the other cases being presented in sketch, but the 
reader can easily complete the proofs. The condition that 8/1 has (SLP) is needed. Indeed, 
there are monomial ideals J such that 8/ J and 8/1 have the same Hilbert series, J is 
strongly stable and x^ is a weak Lefschetz element for 8/ J, but is not strong Lefschetz. For 
example, 

J _ { f t2 42232 3 424 5 7n 

has H{8/ J, t) = (1 + t + t^)^, i.e. the Hilbert series of a complete intersection 8/ (/i, /2, /3), 

with fi, /2, /a homogeneous of degree 3. Also, J is strongly stable and x^ is a weak Lefschetz 

.3,2 

element for 8/ J, but not strong Lefschetz, since the map {8/ J)2 {8/ J)^ is not injective 
and \{8/J)2\ = \i8/J)4\ = 6. 



2.2. CASE Di + D2 < Ds + l. 

2.2 Case tii + < 4 + 1. 
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• Subcase di = d2 < d^. 

Proposition 2.2.1. Let 2 < d := di = d2 < d^ he positive integers such that 2d < d3 + 1. 
The Hilbert function of the standard graded complete intersection A — K[xi,X2,x^]/ 1 , 
where / is the ideal generated by /i, /2, /a, with /j homogeneous polynomials of degree dj, 
for all i, with 1 < i < 3, has the form: 

1. H{A,k) = {^X^), iork<d-l. 

2. H{A, k) = (''+^) + Eti(^^ -i)JoT k = d-l+j, where < j < d - 1. 

3. H{A, k) = hr2d-2<k<d3-l. 

4. H{A, k) = H(A, 2d + d3-3-k) ior k> d^. 

Proof. It follows from [31, Lemma 2.9(a)]. □ 

Corollary 2.2.2. In the conditions of Proposition 2.2.1, let J = Gin{I) be the generic 
initial ideal of / with respect to the reverse lexicographic order. If we denote by the set 
of monomials of J of degree k, then: 

1. Jfc = 0, for A; < d - 1. 

2- I Jfcl = j(j + 1), for A; = - 1 + j, where < j < c? - 1. 

3. I Jfel = d{d - 1) + 2(^7' + for A; = 2d - 2 + j, where < j < + 1 - 2d. 

4. I Jfcl = M|±l) - ^2 ^ + j(j + 1), for /c = da - 1 + j, where < j < d - 1. 

5. \Jk\ = + d{d3 - 1) + j((^3 + 2d), for A; = d + d3 - 2 + j, where < j < d. 

6. Jk — Sk, lor k >2d -\- d-i — 2, where 5"^ is the set of monomials of degree k. 

Proof. Using that \ Jk\ = \Sk\— H{S/ J, k), together with the general fact that H{S/ J, k) — 
H{S/I, k), the proof follows immediately from Proposition 2.2.1. □ 

I would Ukc to express my gratitude to Dr.Marius Vladoiu for his help on the proof of 
the following proposition and, in general, for his help on the sections 2.2 and 2.3. 

Proposition 2.2.3. Let 2 < d := di = d2 < ds be positive integers such that 2d < da + 1. 
Let /i, /2, fz e K[xi,X2, xs] be a regular sequence of homogeneous polynomials of degrees 
di,d2,d3. If / = (/i,/2,/3), and J = Gin{I), the generic initial ideal with respect to the 
reverse lexicographic order, and S/I has (SLP), then: 

J = (xf, xt'-^l'"''' forO<j<d-l, X2y forO<j <d-2, 

xf+^'-''{x^,X2Y-' for 1 < J < d). 
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Proof. We have \Jd\ — 2, hence Jd — {xf ^{xi,X2}}, since J is a strongly stable ideal. 
Therefore: 

Shad{Jd) = {x'l^^{xi,X2Y,x'^^^^x^{xi,X2}}, 

Now we have two possibilities to analyze: d = 2 and d > 3. First, suppose d > 3. 

Using the formulas from Corollary 2.2.2 we have \Jd+i \ ~\Shad{Jd)\ = 1, so there is only 
one generator to add to the set Shad{Jd) in order to obtain Jd+i. Since J is strongly stable, 
we have only two possibilities: 3. We cannot have ^x\, since otherwise 

the application 

{SlJ)d-, ^ {S/J)d^u 

with \{S/J)d-i\ < \{S/J)d+i\ (see Proposition 2.2.1) would not be injective (0 7^ x"^'^ e 
{S/J)d-i and is mapped to 0), which is a contradiction to the fact that ^3 is a strong 
Lefschetz element for 8/ J. Hence: 

Jd+l = {xf~'^{Xi,X2}^,xf~^X3{xi,X2}}. 

We prove by induction on j, with 1 < j < d — 2, that: 

Jd+j = Shad{Jd+j-i) U {xi~^~^xl^^^} = 

= {xf~"^"^{Xi,X2}^^ + \.T'f"-'x3{;Xi,X2}^-'"\ . . . , x'l'^ X^Xi, X2}} . 

The assertion was checked above for j = 1. Assume now that the statement is true for 
some j < d — 2. Then Shad{Jd+j) is the following set: 

r d-7-1 r T 2i+2 d-j-l r T 2i + l d~j 2r T 27 — 1 d-1 7 + 1 r 

{X^ ' {Xi,X2} ,X^ ' X3{Xi,X2} ■'^ ,X^ 'X-i{Xi,X2} , ■ ■ ■ , X^ X% {Xi,X2}}. 

We have |J(i+j+i| — \Shad{Jd+j)\ = 1, so we must add only one generator to Shad{Jd+j) 
to get Jd+j+i. The ideal J, being strongly stable, allows only two possibilities, namely 
xf~-'~'^x'2~^^ or xf~'^xlxi'^^ . The second one is not allowed because the application 

{S/J)d (^/ 

would not be injective (0 7^ a;f~^x| e {S/J)d and is mapped to 0), x^ being a strong- 
Lefschetz element for 8/ J. Therefore, we must add Xi~'^~'^X2^~^^ and our claim is proved. 
In particular, we obtain 

J2d-2 = {Xl{xi, X2}^'^~^ xlx3{xi, X2}^'^~^ . . . , xf-^x'^-'^ixi, X2}}. 

In order to compute Jfe, with 2d — 2 < k < d^, we must consider two posibilities. 



• 1. da = 2d - 1. 
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Since I J2d-i| — \Shad{J2d-2) \ = 2, there are two generators to add to Shad{J2d-2) ■ We 
prove that these generators Assuming by contradiction that we have 

other generators, since J is strongly stable, it follows that there is at least one generator 

from the set {xix^~^xl.,x\x^~^x\., . . . , xf~^a;|a;3~^}. Then, the application (S/ J)2d-3 — ^ 
{S/ J)2d-i would not be injective, a contradiction since is a strong Lefschetz element for 
S/J. Therefore 

J2d-1 = Jds = {{Xl, X2y'^~\ X3{Xi,X2y'^-^ xi-'^x'^-^{Xi,X2}}. 

• 2. ds> 2d -I. 

Since |J2d-i| ~ \Shad{J2d-2)\ = 1? there is only one generator to add to Shad{J2d-2), 
which can be selected from the set {xl"^^^ , Xixl'^^'^xl, xjxl'^^^xl, . . . , x'^~'^xlx'^^^} because 
J is strongly stable. In a similar manner to what we have done above can be shown that, 
X3 being a strong Lefschetz element, leaves us as unique possibility x^~^ ., therefore: 

J2d-1 = {{xi,X2y'^~\xiX3{xi,X2y'^'^, • • • , x'^^'^xf'^ {xi, X2}} . 

One can easily show, using induction on 1 < j' < ^3 — 2d, if case, that |J2d_i+j| = 
\Shad{J2d-2+j)\ and J2d-i+j is the set 

{{xi, ^2^-^+^ . . . , xi{xr, X2}"'-\ xi'-'x,{x^, X2}"'-', . . . , xt^^-'xfix,, X2}}. 

In particular, we obtain that Jds-i is the set 

{{x^,X2Y^-\ . . .,xf-''{x„X2r''-\xf-"'+'x,{x^,X2r''-^ . . . ,xf-'-'xi-'{x„X2}}. 

Since | J^gl — \Shad{Jd^-i)\ = 1, the generator which has to be add to Shad{Jd3-i) can 
be selected from the set {xf-^xf-^'^^'^ ,xixl^-^x'l^-^'^^'^ , . . . ^xi-^x^xf-'^} such that J is 

strongly stable. The generator is x^^"^ x'^~'^'^^'^ , otherwise the application [S/ J)2d-3 ^ — ^ 
{S/ J)ds is not injective, a contradiction, since X3 is a strong Lefschetz element for 5"/ J. 
Hence, we get that J^j is 

{{Xi, X2y', . . . , x'r^'+^Xi, X2}''~', xlx',^-^''^'{x,,X2y'-', . . . , xt'-V,-'{x,, X2}}, 

and one can check that is the same formula as in l.((i3 — 2d — 1). 
Now, we show by induction onl<j<d — 2 that 

Jd3+j = Shad{Jd:i-i+j) U {xl'^'''^^~'^xl^'''^'^^'^^^'^{xi,X2y}. 

Indeed, for j = 1, | J^s+il — \Shad{Jd.j,)\ = 2 and the generators which must be added are 
xixl'^~'^xf^~'^'^^^,xl'^~^xf^~'^'^^^. If not, since J is strongly stable, then at least one of the 
generators belongs to the set {x^xf^'^xf^''^'^^^ , . . . ,xf~^xlxf~'^^^} (for d = 3 this is the 

d.>-2d+5 

emptyset). but then the map {S/ J)2d-A ^ — ^ {^1 J)dz+i is not injective, contradiction. 
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Assume now that we proved the assertion for some j < d — 2. Then \Jd;,,+j+i\ — 
\Shad{Jd^+j)\ = j + 2 and the new generators are X2'^~'^''~^x'^^~'^'^~^'^''~^^ {xi, X2y~^^ ■ Indeed, 
if not, since J is strongly stable, then at least one of the generators belongs to the set 
{x{'^^xl''-^'-^xt-^'^+^'+\ . . . , a;f-2a;2a;^3-<i+j+i| (f^^. ^ _ 3 ^^^^ jg emptyset...) but then 

the map {8/ J)2d-j-A ^ — ^ {S/ J)(i3+j+i is not injective, contradiction, and we are done. 
Hence, 

J,3+d_2 = {{Xi, X2Y'+''-\ X3{Xi, X2Y'''''-\ . . . , xf-''{XuX2Y}. 

We prove by induction on 1 < j < d that Jd+d3-2+j — Shad{Jd+do,-i+j)'^x^^'^^~'^ {xi^, X2Y' 
If J = 1 then I Jd+dg-il — \Shad{Jd+ds-2)\ = d so we must add d generators, which are pre- 
cisely the elements of the set x^^{xi,X2Y~^. Indeed, if we have a generator which does not 

belong to the set it is divisible by Xg^^^ and therefore the map (8/ J)d-2 {8/ J)d3+d-i 
is not injective, which is a contradiction with x^ is a strong Lefschetz element for 8/J 
(the map has to be bijective). The induction step is similar and finally we obtain that 
Jd3+2d-2 = 8d3+2d-2 and thus we cannot add new minimal generators of J in degree 
> 4 + 2d - 2. 

In order to complete the proof we must consider now d = 2. The hypothesis implies 
ds > 3. We already seen that J2 — {x'l,xiX2} and Shad{J2) = {xi{xi, X2Y , xix^lxi, X2}} ■ 

Using the formulas from Corollary 2.2.2 we have | J3I — \8had{J2)\ = 1, so there is only 
one generator to add to the set 8had{Jd) in order to obtain Jd+i- 

Since J is strongly stable, we have only two possibilities: x| or xix^. We can not have 
Xixl, since otherwise the application 

{8/J)^ ^ {8/J)„ 

with |(5'/J)i| < |(5'/J)3| (see Proposition 2.2.1) would not be injective (0 7^ xi e {8/J)i 
and is mapped to 0), which is a contradiction to the fact that X3 is a strong Lefschetz 
element for 8/ J. Hence: 

■J3 = {{Xi,X2Y,XiXs{Xi,X2}}. 

Assume now d^ > 4. One can easily show, using induction on 1 < j < ^3 — 4, if case, that 
I J3+j| = \8had{J2+j)\ and Js+j is the set 

{{xi,X2Y~^^, . . . , xl{xi, X2Y, X^^'^^Xi{xi, X2}}. 

In particular, we obtain that 

Jds-l = {{Xl,X2Y'-\ . . . , xf-'^ixi, X2Y, x'^'-^Xi{Xi, X2}}. 

Since \Jd^\ — \8had{Jd3-i)\ = 1, the generator which has to be add to 8had{Jd3-i) is 
exactly x^Xg^"^ such that J is strongly stable. Hence, we get 

Jd3 = {{xi,X2Y\ . . . , xf-^{xi, X2Y, xixf-'^{xi, X2}}, 

and one can check that is the same formula as in the case d^ = 3. 
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Since I Jd3+i| — \Shad{Jd.^)\ = 1, there is only one generator to add to the set Shad{Jd^) 
in order to obtain Jd-i+i- Since J is strongly stable, we have only two possibilities: x\x'^~^ 
or xix'^^ . We can not have xiXg^, since otherwise the application 

{S/J), ^ (5/J).3 + l, 

with |(S'/J)i| = |(S'/J)3| (see Proposition 2.2.1) would not be injective (0 7^ G {S/J)i 
and is mapped to 0), which is a contradiction to the fact that Xs is a strong Lefschetz 
element for S/ J. Hence: 

Since |Jd3+2| — \Shad{Jds^i)\ = 2 and J is strongly stable, we must add XiXg^^^ and 
X2xf^'^^ at Shad{Jd3+i) in order to obtain ^^3+2- Hence Jd3+2 — Sd^_i+2 \ {^'t^"^}- Finally, 
since Jds+s — 8^3+3 we add ^3^"^^ at Shad{Jd3+2) and thus we cannot add new minimal 
generators of J in degree > ^3 + 2. □ 

Corollary 2.2.4. In the conditions of the above proposition, the number of minimal gen- 
erators of J is d^ -\- d -\- 1. 

Example 2.2.5. Let di = d2 = 3 and d^ = 9. Proposition 2.2.3 implies: 

2, X1X2, X1X2, X2, 2^2*^3; XiX2X^, X2X^, X^ {xi,X2} , X3 {xi,X2}, X3 ). 



• Subcase d\ < d2 < d^. 



Proposition 2.2.6. Let 2 < di < ^2 < ^3 be positive integers such that 
di + d2 < ds + 1. The Hilbert function of the standard graded complete intersection 

A = K[xi,X2,X3\/I, where / is the ideal generated by fi, f2, fs, with fi homogeneous 
polynomials of degree di, for all i, with 1 < i < 3, has the form: 



1. 


H{A,k) 


= ff),forA;<di-l. 


2. 


H{A,k) 


= {'^'^^) + jdi, for k = j + di-l, where < j < o?2 - di. 


3. 


H{A,k) 


= (^1+') + (^2 - (^1 ) + Eii (^^1 - , for A; = j + d2 - 1 , where < j < di - 1 


4. 


H{A,k) 


= did2, for di + d2 — 2 < k < ds — 1. 


5. 


H{A,k) 


= H{A, di + d2 + d3-3-k) ioT k> d^. 



Proof. It follows from [31, Lemma 2.9(a)]. □ 
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Corollary 2.2.7. In the conditions of Proposition 2.2.6, let J = Gin{I) be the generic 
initial ideal of / with respect to the reverse lexicographic order. If we denote by Jk the set 
of monomials of J of degree k, then: 



1. 
2. 
3. 
4. 

5. 
6. 

7. 



Jfel = 0, for /c < 0? — 1. 

•^fel = j{j + 1) /2, for /c = J + di — 1, where < j < ^2 — c^i- 

j^l _ {jk^ii}}Mk^ih^+j(^d2-di)+j{j + l),ioYk = j + (i2-l,whereO< J <di-l. 



2 

j2 I j2_ 



(^3 — dl — (^2 + 1- 

Jk\ = '^i+'^^^^'^i'^^ + jrfg + j(j + 1) jor A; = J + 4 - 1 where < j < - 1. 

Jfcl = (^i+^3)('^i+'^3-i)+'^f-'^i-2rfi<^2 ^ ^ 2di) + for k^j + di + ds-2, where 

< J < ci2 - c^i • 

Jfel = ('^^+'^3)(ci2+d3-i)+di(di-i) ^^.^^^^^^^^_^^^ f^j. ^ ^ ^2+4-2, where < j < 



8. Jfc = Sk, for > 3c? - 2. 

Proposition 2.2.8. Let 2 < rfi < ^2 < c?3 be positive integers such that rfi + ^2 < ^3 + 1. 
Let /i, /2, /a G i^rfxi, a;2, 2:3] be a regular sequence of homogeneous polynomials of degrees 
di, (^2, d^. HI— (/i, /2, /3) , J = Gin{I), the generic initial ideal with respect to the reverse 
lexicographic order, and 5"// has (SLP),then: 

J = {xf\xi'-'xi'-'^'+^'-^ for 1 < J < rfi - 1, xi'+''-'-\ a;^^+''^-'x^3-di-d2+2^ 

^d,+d,-d2-2+2j^d2-d^+l-j^^^^^^Y,-l l<j<d2- dl, 

^,3+,,_,,+2,_2^^.^^^^^d,-, ^^^^ ^^y 

Proof. We have \Jdi \ = 1, hence J^^ = since J is a strongly stable ideal. Therefore: 

Shad{JdJ = {xi'{xi,X2},xi^X3}. 

Assume d2 > di + 1. Since l^di+i] = \Shad{Jd^)\ from the formulas of 2.2.7, if follows 
Jdi+i — Shad{Jd^). We prove by induction on 1 < j < ^2 — (ii — 1 that 

Jdi+j = Shad{Jdi+j-i) = {xi^{xi,X2y,X3xf'{xi,X2y~^,...,xlxf^}. 

Indeed, the case j = 1 is already proved. Suppose the assertion is true for some j < 
d2 — di — 1. Since | Jdj+j+i| — \Shad{Jdi+j) \ = it follows that 

Jdi+j+i = Shad{Jd^+j) = {x'l^{xi,X2y'^\x3x'(^{xi,X2y , . . . ,xl'^^x'l^} 
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thus we are done. In particular, we get 

J,,_i = {xi^{x,,X2Y'~''^~\xsxt{x^,X2Y'-''-^...,xt-'^-'xt} 

which is the same formula as in the case d2 = di + 1. 

We have jJ^J — \Shad{Jd2-i)\ = 1 so we must add a new generator to ShadlJd^-i) to 
obtain J^^ . Since J is strongly stable and x^ is a strong Lefschetz element for 5"/ J this new 
generator is xf^~^X2^~'^^~^^ , therefore 

■Jd, = {xi'-'{x,,X2Y'-'''^\xsxt^{x,,X2Y'-'''-\ . . . ,xf-'''xt}. 

Assume di > 2. We prove by induction on 1 < j < rfi — 1 that 

Jd,-i+j = Shad{Jd,-2+j) U {xf-^xf-'''^'^-'} = {xt'-'{x,,X2y'-''+'^-\ 

Xsx'r'+'{x,,X2V'"''-''^-\ . . .,xixt{x,,X2Y'-'''~\ . . .,xt'''+^-'xt}. 

The assertion was proved for j = 1. Suppose I < j < di — 1 and the assertion is true for j. 
We have | Jdj+il — \Shad{Jd2-i+j)\ = 1, thus we must add a new generator to Shad{Jd2-i+j) 
in order to obtain J^j+j since J is strongly stable and Xs is a strong Lefschetz element 
for S/ J, this is Xi^~^~^X2^~'^^~^'^^~^^ and we are done. In particular, we obtain: 

Jdi+d2-2 = {Xl{xi, X2}'^^^'^^ ^,XsXi{xi,X2}'^^~^'^^ 

^di-1 dij ^d2-di-l di dij ^d2-di-2 ^(^2-2 dil 

|Xi, X2f , X3 Xi \Xi, X2J , . . . , X3 X]^ ^ 

and one can check that is the same expression as in the case di = 2. 

In order to compute J^, with 2d — 2 < k < ds, we must consider two possibilities. 

• 1.(^3 = di + ^2 - 1- 

Since I Jd^+d2-i I ~\Shad{Jdi-^d2-2) \ = 2, there are two generators to add to Shad{Jdj^-^d2-2) 
to get J(j^+d2-i, but on the other hand J is strongly stable and xs is a strong Lefschetz 
element for S/J so these generators must be X2^~^'^^~^ , X2^~^'^^~'^X3. Therefore: 

Jdi+d2-l = Jds = {{Xl, X2}'^^~^'^^ ^,Xs{Xi,X2}'^^~^'^^ ^, . . . , xf^Xg^ 

• 2.(^3 > di + d2 - I. 

Since \ Jdi+d2-i\~\Shad{Jdi^d2-2)\ — 1, there is only one generator to add to Shad{J2d-2), 
which is precisely xi'^'^'-^ since J is strongly stable and X3 is a strong Lefschetz element 
for 5*/ J. Therefore 

Jd,+d2-l = {{xi,X2y'+''-\x,Xs{xi,X2Y''^''-^ . . .,xf'xi'-^}. 

One can easily show, using induction on 1 < j < d^ — di — d2, ii case, that 
\Jdi+d2-i+j\ = \Shad{Jdi+d2-2+j)\ and Jdi+d2-i+j is the set 



{{xi, x2y^'^'+'^'-\x3{xi, x2y+'^'+'^'-^ . . . , xi{x^,X2Y'^'^'-\ 
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So J<i3_i = {{x,, X2Y'-\ xs{x^, X2Y'-^ X2Y'+'''-\ 

Xl\Xl,X2f , . . . , X-^ \Xl,X2f , . . . , Xg 1 / 

Since | Jdsl — \Shad{Jd3-i)\ = 1, J is strongly stable and X3 is a strong Lefschetz element 
for S/J, the generator which has to be added to Shad{Jd:,-i) is X2'^'^^~^x'^'~'^^''^^+'^. Hence, 
we get 

Jds = {{x^,X2Y^Xs{x,,X2Y'-\...,xt-^^-^^+'{x^,X2Y^+''-', 

Xg Xj^-j^xi, a;2j- ,...,a;g Xi \xi,X2f ,...,x^ x^ , y 

and one can check that is the same formula as in 1.(^3 = di + 1^2 — !)• 
Assume now di > 2. We show by induction on 1 < j' < di — 2 that 

7 — qUr,rl( 1 \ I I J^j ^d3-di-d2+2j+2 di+d2-2j-2 ^d3-di-d2+2j+2 di+d2-2-jx 

'^ds+j — '-''''""Wds-l+jV ^ l-^l-^a -^2 ) ■ ■ ■ ) •''3 X2 /. 

Indeed, for j = 1, | Jd3+i| — \Shad{Jfi.j)\ = 2 so we must add two generators to Shadi^Jd^) in 
order to obtain Jd^+i- Since J is strongly stable and x^ is a strong Lefschetz element for S/ J, 

these new generators are xix'!^''^'^^^'^'^^^ X2^^'^'^^'^-'~'^ and Xg^'^^^'^^^'^Xg^^'^^^^"'^'^. Assume now 
that we proved the assertion for some j < di—2. Then | Jd3+j_|_i| — \Shad{Jd,i+j) \ = j + 2 and 
since J is strongly stable and 2:3 is a strong Lefschetz element for 8/ J, the new generators 
are xf-'^'~'^'+^^+^xi'+'^^-^^-\xuX2y+^ as required. Hence, we get 

7 _ r ^ \di+d3-2 d3+di-d2-2r 1^2 

-'di+d3-2 — 3;2j- ,...,X^ \Xi,X2} , 

™di™<i3+(ii-d2-l f™ ™ \d2 ^di 83-2^ 

•I'l J'g \'^1)'*'2/ ) • • • ) -^1 •'^S J) 

and one can check that is the same formula as in the case di = 2. 

We have |Jdi+d3-i| — \Shad{Jdj^^d3-2)\ = di so we must add di new generators to 
Shad{Jdi+d3-2) and since J is strongly stable and xs is a strong Lefschetz element for S/J, 
they are xf^'^^~'^^xf-'^'{xi,X2Y'''^- Therefore Jd,+d3-i is the set 

rr™ ™ \di+ci3-l ~d3+cii-ii2 /t, ^ \d2-l d3+di-d2+lr™ ™ xd2-di-2 ^di ds-l^ 

\\Xi,X2J )--)3;g \-il,-i2/ )-^l-^3 \Xl,X2j ,..,XiX^ J-. 

Suppose di > 2. We prove by induction on 1 < j' < ^2 — c^i that: 

J,,+,3_2+,- = Shad{Jd,+d3-3+j) U {xf^'''-'''-''-''xt-'''^'-'{x^,X2Y'-'} = 
- {{xi, X2}'^^+''-^+^ . . . , xt^'-'^-'^-^'-'^ixr, X2Y'-', 

r^d-l d3+di-d2-l+2j r ^d2-di-j-l ^^1 ^f^3-2+i T 

X-]^Xg l1' 2j 5***5'^1'^3 /• 

We already proved this for j = 1. Suppose the assertion is true for some j < d2 — di. Since 
\Jdj^^d3-i+j\ — \Shad{Jd^-^d3-2+j)\ = di we must add di new generators to Shad{Jd^-^d3-2+j) 
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and these new generators are x'^^~^'^^ '^'^ "^^^^ "'{xi, 0:2}'^^ ^ because J is strongly 

stable and is a strong Lefschetz element for 5*/ J. In particular, we get: 

Jm,-2 = {{Xl, X^Y'^''--^ X3{X1, X2}'^^+'^^-^ . . . , xf+'^-'^-^X^, X^Y^}, 

which is the same formula as in the case di = 2. 
We prove by induction on 1 < j < di that 

Jd2+d3-2+j — Shad{Jd2+d3-3+j) ^ i^t^^'^^ '^^^'^^ ^{3:^1, 2:2}* ■'}■ 

If J = 1 then |Jd2+d3-i| — \Shad{Jd2+d3-2)\ = di so we must add di generators, which 
are precisely the elements of the set xf^{xi,X2Y~^ since J is strongly stable and 0:3 is 
a strong Lefschetz clement for S/ J. The induction step is similar and finally we obtain 
that Jdz+2d-2 = Sd3+2d-2 and thus we cannot add new minimal generators of J in degrees 
> d^ + 2d-2. □ 

Corollary 2.2.9. In the conditions of the above proposition, the number of minimal gen- 
erators of J is 1 + di + did2. 

Example 2.2.10. Let di = 3, d2 = 4: and d^ = 9. Then 

xlx2{xi,X2Y, xf{xi,X2Y, xf{xi,X2], Xg"). 



2.3 Case di + d2 > d'^ + 1. 

• Subcase di = d2 = d^. 



Proposition 2.3.1. Let 2 < d := di = d2 = d^he positive integers. The Hilbert function 
of the standard graded complete intersection A = K[xi,X2,X3]/I, where / is the ideal 
generated by /i, /2, /a, with /j homogeneous polynomials of degree di, for all i, with 
1 < i < 3, has the form: 

1. H{A,k) = (^f), for A; < d - 1. 

2. H{A, k) = ) - for A; = J + d - 1, where < j < [^J . 

3. H{A, k) = H{A, 3d-k-3),foT k> \^] . 

Proof. It follows from [31, Lemma 2.9(b)]. □ 

Corollary 2.3.2. In the conditions of Proposition 2.3.1, let J = Gin{I) be the generic 
initial ideal of / with respect to the reverse lexicographic order. If we denote by Jk the set 
of monomials of J of degree k, then: 
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1. |Jjk| ^ 0, ioi k < d - 1. 

2. I J;.| = iov k^d-l+j, where < j < [^]. 

3. If d is even, then \Jk\ = + 2^^, for k^j + ^, where < j < ^. 
If d is odd, then \ Jk\ = 3(ci^-iHi2jrf ^ m!, for k^j + where < j < 

4. I Jfcl = + sjd, for A; = J + 2d - 2, where < j < d - 1. 

5. Jfe = -Sfe, for k>3d-2. 

Proposition 2.3.3. Let 2 < d := di = d2 = d^ he positive integers. Let fi, f2, fs G 
K[xi,X2, X3] be a regular sequence of homogeneous polynomials of degrees di, d2, d^. li I — 
ifi, f2, fs) , J = Gin{I), the generic initial ideal with respect to the reverse lexicographic 
order, and S/I has (SLP), then: 

J = {xf~'^{xi, X2y , xi~'^^~^xl^^^ , xf~'^^~'^xl^^^ for l<j< ,X2,x'^ , 

x^^'a^x^-'\ xr'x7^'\ l<j<^, xt'^'^ix^, X2r-\ l<j<d) 
if d is odd, or 

T ( d-2( -.2 d-2j-l 3i+l d-2j-2 Zj+2 n -x ^ ■ ^ ^ ~ ^ 

J=(Xl {Xi,X2} ,Xi X^ ,X^ X{ for 1 < J < XiX2^ ,X2^ , 

Xl^xr'xf-'^ x'ixT~\ 1 < i < ^> xt''^^^{x,,X2Y-\ l<j<d) 

if d is even. 

Proof. Wc have \.Jd\ = 3, hence = {xf~^{xi, X2}^}, since J is strongly stable and X3 is 
strong Lefschetz for 5*/ J. Therefore: 

Shad{Jd) = {xf-^{xi,X2y,xf-'^X3{xi,X2y}. 

Now we have four possibilities to analyze: d = 2, d = 3, d = 4: and d> 5. 

d = 2. Using the formulas from Corrolary 2.3.2 we have | J3I — \Shad{J2)\ = 2 so there 
are two generators to add to Shad{J2) to obtain J3. Since J is strongly stable and xz is a 
strong Lefschetz element for 8/ J these new generators are x\xi and x\x2. Therefore 

h = {{xi,X2}^,X3{xi,X2y,xl{xi,X2}}. 

Since IJ4I — IShad^J^)] = 1 there is only one generator to add to Shad{Jz) and this is 
precisely x\. It follows J4 = ^'4 and thus we cannot add new minimal generators of J in 
degree > 5. 
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d = 3. We have IJ4I — \Shad(J3)\ = 2 so there are two generators to add to ShadlJ^) 
to obtain J4. Since J is strongly stable and ^3 is a strong Lefschetz element for S/J these 
new generators are X2 and x^x^. Therefore 

= {{xi,X2y,X3{xi,X2}^}. 

Since IJ5I — \Shad{J4)\ = 3 there are three new monomials to add to Shad{Ji) in order 
to obtain J5. Since J is strongly stable and X3 is a strong Lefschetz element lor S/ J these 
new generators arc x\{xi,X2\'^ ■ Analogously, we must add two new monomial to Shad{J^) 
in order to obtain Jg and these are x\{xi, X2}. Finally, we will add x\ and thus we cannot 
add new minimal generators of J in degree > 7. 

d = 4. We have | J4I — \Shad{J3)\ = 2 so there are two generators to add to Shad{Ji) 
to obtain J5. Since J is strongly stable and x^ is a strong Lefschetz element ior S/ J these 
new generators are X1X2 and x^- Therefore 

J5 = {{xi,X2y\xlxs{xi,X2y}. 

Since | Jel — IShad^J^)] = 2 there are two new monomials to add to Shad{J^) in order to 
obtain Jg and using the usual argument these new monomials It follows 

Je = {{xi,X2}'^,X3{xi,X2Y,xl{xi,X2y}. 

Finally, we will add consequently x^{xi,X2}^, x^{xi,X2}'^, x^{xi,X2} and x^^. 

Suppose now d> 5. We have \Jd+i \ — \Shad{Jd)\ = 2 so there are two generators to add 
to Shad{Ja) to obtain Jd+i- Since J is strongly stable and X3 is a strong Lefschetz element 
for S/J these new generators are It follows 

Jd+1 = {x'i-^{Xi,X2}\x'^-^X3{Xi,X2y,xf-^xl{Xi,X2y}. 

We prove by induction on j, with 1 < j < [^J that 

Jd+j = Shad{Jd+j-i) U {x'l~^^~^xl^^^,x't'^^~'^xl^^^} = 

= {xt-'^-'{x^, X2r^+^ xf^^+^X3{xi, X2r^-\ . . . , xf-'xi{x^,X2r}, 

the assertion being checked for j = 1. Assume now that the statement is true for some 
j < [^\ . Then 

Shad{Jd+j) = {xt-''-'{x,,X2y'+\ xt-''-'x3{xi, X2}^^+^ . . . , xi-'4-''{x,,X2y}. 

Since |Jd+j+i| — \Shad{Jd+j)\ — 2 we must add two generators to Shad{Jd+j) to obtain 
Jd+j+i. Using the fact that J is strongly stable and ^3 is a strong Lefschetz element for 
S/J it follows that these new generators are Xi~'^-'~^xl-'~^'^,Xi~'^''~^xl^~^^, so the induction 
step is fulfilled. 

We must consider now two possibilities. 



48 CHAPTER 2. GENERIC INITIAL IDEAL FOR COMPLETE INTERSECTIONS. 



1. 0? is odd. We obtain 

3d-5 o , , 3d- 11 ,_2 f -,2-, 

Jid=A ^ {Xi{Xi,X2} 2 ,X^Xs{Xi,X2\ 2 X.^' {Xi,X2} }. 

Since | J sd-i | — \ShadiJ 3d-i )\ = 2 there are two generators to add to ShadiJ sds ) to obtain 



2 

3d-l 



J sd-i , and they must be X2 ^ , ^ using the usual argument. Therefore, 

J3d-i = {{Xi, X2}^ , X3{xi, X2}^ , . . . ,Xi~^X3^ {xi,X2y}. 



Since | Jm+i | — \Shad(J :id-i )\ = 1 we must add a 3 new generators to Shad{J zd-i ) to obtain 
Jm+1 and since J is strongly stable and 2:3 is a strong Lefschetz element for S/ J, they are 



2 

2 2 3ti-9 ^ 'id -7 ^ 3d-5 



We prove by induction on j, with 1 < j < that 



2 

J 3d-i I J- = {Shad( J sd-s I j )} U {x3''^"'^a;^"'a;2 ^ , • • • , a;3'''''^a;2 ^ "'} = 

= {{Xi, X2}^'^^, Xsixi, X2}^+^ . . . , xl^'^^{xi, X2}^"^ 



x{ {xi,X2\ 2 ^ |a:i,X2| }. 



X 

This assertion is proved for j = 1. Assume the assertion is true for some j < Since 
I Jsd+i+jl — \Shad(J id-i 1^)1 = 2j + 3 we must add 2j + 3 new generators to ShadiJ id-i 
in order to obtain J sd+i , ■. The usual argument implies that those new generators are 

3d 3 2 ^ 

a;3"''''^a;^-'^^a;2 ^ ^'^ ^, . . . ,a;3-'^^a;2 ^ \ which conclude the induction. 
2. d is even. We obtain 

Jsd^ ^ {xl{xi,X2}^ ,x{x3{xi,X2}^^ , . . . ,X'{~'^X3'^ {xi,X2Y}. 



Wc have | | — \ Shad{J-i±±)\ = 2 so we must add two new generators to ShadiJ sd-A ) to 
obtain Jsd^ . Since J is strongly stable and x^ is a strong Lefschetz element for 5"/ J, they 

3d-4 3d -2 

are X1X2 ^ and X2 ^ , therefore 



Jid^ = {{xi,X2\ 2 ,a;ia;3{a;i,a;2} 2 ,...,a;i {xi,X2\ \. 

Since |j3d| — |5'/ia(i(J 3d-2 )| = 2 we must add two new generators to Shad( J 3d-2 ) in order 
to obtain Jsd and since J is strongly stable and x^ is a strong Lefschetz element for 5'/ J, 

^ 3d-6 3d-4 

they are Xix\x2 ^ and x|x2 ^ . 

We prove by induction on j, with 1 < j < that 

2- 2-1 — -3j 2' ^''"2 j 

j 3d-2 = Shadi J id-i ^ ■) U {a;3-'a;;^-' 0:2^ , ■ ■ ■ , 3:3-' ^ }. 
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The assertion has been proved for j = 1 and suppose it is true for some 
j < Since |t/3d_|_^| — \Shad(J :id-2 = 2j + 2 we must add 2j + 2 generators to 

Shad( J id-2 ^ j) in order to obtain Jm^j and since J is strongly stable and X3 is a strong 

Lefschetz element for S/ J they must be x^''~^'^xl^~^^X2 ^, ■ ■ ■ ,xl^^'^X2 ^ which con- 
clude the induction. 

Either if d is even, either if d is odd, we obtain 

j2d-2 = {{xi, x2}'''-^ X3{xi, x2}'''-^ . . . , xi-^{xi,x2y} = {{xi, X2y{xi,x2, x^y-^}. 

Since | J2d-i| — \Shad{J2d-2) \ = d we must add d new generators to Shad{J2d-2) to obtain 
J2d-i- But J is strongly stable and X3 is a strong Lefschetz element for S/J, so we must 
add Xglxi, 2:2}'^"^, therefore J2d-i — {{xi, X2}^'~^{xi, X2, xs}^}. Using induction on j < d, 
we prove that 

J2d-2+,- = Shad(J2d-3+j) U {xi-^+^^{x,,X2y-'} = {xi,X2y-^{xi,X2,Xsy-''+^^. 

For J = 1 we already proved. Suppose the assertion is true for j < d. We have \J2d-i+j \ — 
\Shad{J2d-2+j)\ = d — j so we must add d — j new monomials to Shad{J2d-2+j) to obtain 
J2d-i+j and from the usual argument, these new monomials are x'^^-' {x\., X2}'^~^~^. Finally, 
since Jm-2 — S^d-2 we cannot add new minimal generators of J in degree > 3d — 2. □ 

Corollary 2.3.4. In the conditions above, the number of minimal generators of J is 1 + 
d{d+i)_ _|_ (d+i) ^y^g^ ^ ^^^^ or 1 + f^i^^tll _|_ did+2) y^^gj^ ^ even. 

Example 2.3.5. 1. Let di — d2 — ds — 5. Then 

xl{xi,X2y, xl{Xi,X2y, xl{xi,X2y, Xg^jxi, X2}, 4^). 

2. Let di^d2^d3^ 6. T/ien 

J — {Xi{Xi,X2} , 3;]^X2, 2^12^2, 2^13^2) •^2i ■^2-^3{-^l ) -^2} ) ^2'^3{'*^1 ) •*^2} ) 
xl{xi,X2}^, xl{xi,X2Y, xl°{xi,X2Y, xl2{xi, X2}'^ , xl^{xi,X2}, X^q) 

• Subcase di = d2 < d^. 

Proposition 2.3.6. Let 2 < d :— di — d2 < d^he positive integers such that di+d2 > ^3 + 
1. The Hilbert function of the standard graded complete intersection A = K[xi,X2,X3]/I, 
where / is the ideal generated by /i, /2, /a, with /j homogeneous polynomials of degree d^, 
for all i, with 1 < i < 3, has the form: 
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1. H{A,k) = for A; < d- 1. 

2. H{A, k) = C^-^^) + -i)Jor k = j + d-l, where < j < da - d. 

3. H{A, k) = (^+^) + Y:t\\d - i) + ELi(2ci - 4 - 2z), for k ^ j + d^ - I, where 

4. A;) = //(A, + 2d - 3 - A;), for A; > f '^^+f"^ ] . 



Corollary 2.3.7. In the conditions of Proposition 2.3.6, let J = Gin{I) be the generic 
initial ideal of I with respect to the reverse lexicographic order. If we denote by Jk the set 
of monomials of J of degree k, then: 



1. |Jfe| = 0, for A; < d - 1. 

2. I Jfcl = j(j + 1), for A; = j + ci - 1 where < j < 4 - d 

3. I J;,| = ^ 4 _ _ ^ _ 2dda + j(24 - ci) + for k ^ j + d^ - 1, where 



0<j < [2£b|3^J. 

4. If da is even then | J^] = ^"'^^'^^-^^'^a+^c^ ^ i(2^ ^ for = j + ^^±f^, where 



If 4 is odd then | J,| = 3di+4d^-4dd3-3 ^ .(2^+^^3-3) ^ Man, for k = j + where 



5. I Jfel = 3ci2 - 2d + »±il - 2dd3 + (4d - dz)j + j{j - 1), for A; = j + 2d - 2, where 
< J < da - d. 

6. |J^| ^ (d+d3)(d+d3-i) _ d(cM^ ^ j(2d + ds), for A; = j + d3 + d - 2, where < j < d - 1. 

7. Jfc = Sk, for A; > 3d — 2. 

Proposition 2.3.8. Let 2 < d := di = d2 < ds be positive integers such that 2d > da + 1. 
Let /i, /2, /s G -ft'fa;!, a;2, Xa] be a regular sequence of homogeneous polynomials of degrees 
di, d2, ds. If / = (/i, /2, /a), J = Gin{I), the generic initial ideal with respect to the reverse 
lexicographic order and 5"// has (SLP), then if da is even, we have: 



Proof. It follows from [31, Lemma 2.9(b)]. 



□ 



< j < '^d-d3-2 _ 



0<j< 2^b|3^. 



,^-^-12^+1 



/orl<j <da-d-l. 




for 1 < j < 



2d -da 




for I < j < 



2d -da -2 
2 



2.3. CASE Di + D2> D^ + l. 



51 



Otherwise, if ^3 is odd, we have 

J = (xi, xi-^X2, xf-^-^xl^^^ forl<j<ds-d-l, 



2d-d3-2j+l 2d3-2d+3j-2 2d-d3-2i 2d3-2d+3j-l n 1 ^ ^- ^ 
•^1 X2 ,Xi X2 7 J- — J ^ 



2d-d3-l 
2 ^ 



2d+d3-l 2d+d3-3 . 2d+d3-3_3^. 2d+d3-3_^. _ 2(i - ^ - 3 

X2 1 X3X2 , Xi X2 , . . . , X^ X2 , ^ J ^ 2 ' 

2d-(i3-2+2j 2d3-2ci+2-2j r ^2d-d3+j-2 -[ ^ A ^ A rl ^'^3-2+2j 



^2 



Proof. We note first that > 3. Indeed, if = 2 then the condition 2d > d^ + 1 imphes 
d^ = 2 which is a contradiction. We have \ Jd\ — 2, hence — Xi~^{xi,X2}, since J is 
strongly stable. Therefore: 

Shad{Jd) = {xf~^{xl,X2}^xf~^X3{xl,X2}}. 

Assume da > d+ 1. Since | Jd+i| — \Shad{Jd)\ = 1 we must add a new generator to Shad{Jd) 
in order to obtain Jd+i- On the other hand, J is strongly stable and xs is a strong Lefschetz 
element for 5"/ J so this new generator is therefore 

Jd+l = {x'^~'^{Xi,X2}^,x'l~^X3{Xi,X2}}. 

We prove by induction on 1 < j < da — d — 1 that 

Jd+j = Shad{Jd-i+j) U {x'i'^'^xl^''^} = {xf'^'^{xi,X2y^^'^, . . . , xf'^xl{xi, X2}}. 

The case j = 1 was done. Suppose the assertion is true for some j < d^ — d — 1. Then, 
since | J(i+j+i| — \Shad{Jd+j)\ = 1 it follows that we must add one generator to Shad{Jd+j) 
in order to obtain Jd+j+i- Since J is strongly stable and x^ is a strong Lefschetz element 
for 5'/J, this new generator must be x'^''~'^x'^^^ . In particular, 

J,3_l = {xf X^I^^-^'^-S xf-'^+'x^ix,, . . . , xf-''-'xi-\x,,X2}}, 

which is the same formula as in the case d^, = d + 1. 

We need to consider several possibilities. First, suppose d^ — 2d — 2. We have | J^gj — 
\Shad{Jd3-i)\ = 2 so we must add two generators to Shad{.Jd.j,-i) in order to obtain .Jd^ — 
J2d-2- But since J is strongly stable and x^ is a strong Lefschetz element for 5'/J, these 
new generators arc XiX^~^ and x^~'^ . 

Suppose now da < 2d — 2. Since | J^gl — \Shad{Jd3-i)\ = 2 we must add two generators to 
Shad{Jd3-i) in order to obtain J^g. J strongly stable and X3 is a strong Lefschetz element 
for S/J force us to choose xl'^-'^^-^xl'^'-^'^+\xl'^-'^^-^xl'^^-'^'^+^, so 
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We show by induction on 1 < j < |^2d_|3+i J ^j^g^^ 

We already done the case j = 1. Suppose the assertion is true for some 
j < We have l^da+il — \Shad{Jd3+j-i)\ = 2 so we add two generators to 

Shad{Jd,+j-i) and they must be 2;f-'^3-2^-V2d3-2d+3i+i ,^M-d3-2j-2^2<i3-2d+3,+2 

usual argument. In the following, we distinguish between two possibilities: d is even or d 
is odd. If d is even, we get 

2d+d,-8 M+d3-14 

j 2d+d3-4 = \xt\xi,X2l 2 ,a;3a;i|xi,X2| ^ ^...^ 

2 

X3 ^ xf-'^H^l,^2}"'^-''-\...,2:3^ Xi-'{X2,X2}}. 

We have | J 2rf+d3-2 1 — \Shad(J 2d+d3-4 )\ = 2 so we add two generators to ShadjJ ^d+d^-A ) and 

2 2 2 

2d+d3-4 2d+d3-2 

they must be a;ia;2 ^ , 2:2 ^ , so: 

2d+d3-2 2d+d3-8 
j2d+d3-2 = {{Xl,X2} 2 ,X3Xi{Xl,X2} 2 



2 



2d— d3 d3— 2 

, Xi^xf-^^ix^, X2Y'''-^''-\ X;^xi-'{X2, X2}}. 



One can easily show by induction on 1 < j < ^'^ ^ , if case, that 

2' 2' 1 2<^+'*3-2 ^. 2d+d3-4 

j 2d+d3-2 , . = Shad{J 2d+d3-4 , .) U |xq-^x^-^~''^a;9 ^ a;3-'a;2 ^ "'} — 

= {{x„.,}^«. . . . . . . . 

2d-d3 , . d3-2 , . 

— 2+3 2d-d3 r 1 2d3-2d-l 2 '"J d-1 r ^ ^ 

^ x^ ^{xi,X2} ^ ,...,0:3 2 x^ |a;i,a;2|}. 
Indeed, if j = 1, we have {J-M+d^ \ — \Shad{J2d+d3^ )\ = 2 so we must add two monomials 
to Shad{J 2d+d3-2 .) in order to obtain J 2d+d3 .. Since J is strongly stable and x^ is a strong 

2 "'"■^ 2 

2d+d3-2 g 2d+d3-2 ^ 

Lefschetz element for S*/ J, these new monomials ^ and . The 



induction step is similar. 

2d+d3-5 „ 2d+d3-ll 

If d is odd, we have j 2d+d3-3 = {xi{xi, X2} 2 , a;3a;i{a;i, X2} 2 , . . . , 



2 

2d-d3-l ^3-3 



X3 ^ xf-''na^i,a;2}'''^-'''-\...,a;3^ a;f-H2^2, X2}}. 

Since | J 2d+d3-i | — |5'/ia(i(J 2d+d3-3 )| = 2 we add two generators to Shad{J 2d+d3-3 ) in order 
22 2 

to obtain J 2d+dz-i . Since J is strongly stable and x^ is a strong Lefschetz element for 5"/ J, 

2 

2d+d3-l 2d+d3-3 

these new monomials ^ , therefore: 

2d+d3-l 2d+d3-3 2d+d3-ll 

J2d+d3-i = {{a;i,a;2j 2 , a;3{a;i, a;2j 2 , a;3a;i{a;i, 0:2 j 2 
2 
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2d-d3 + l dtj-l 

Assume ^3 < 2d — 3 (otherwise ^'^+^3-1 — 2d — 2). | J 2d+ds+i \ — \Shad(J 2d+d3-3 )\ = 3 so we 

22 

must add 3 generators to Shad{J 2d+d2,-z ) to obtain Jid+d^+i. The usual argument imphes 

2 2 

2d+d^-9 2d+d^-7 2d+d3-5 

that they are x\xlx2 ^ , Xix\x2 ^ , a;3a;2 ^ and thus 

2d+d3+l 2d+d3-l „ 2d+d3-3 „ 2d+d3-S 

J2d+d3+i = {{Xi,X2} 2 ,Xi{Xi,X2} 2 ,X3{Xi,X2} 2 ^x^{Xi,X2} ^ 
2 

2d-d3+3 d3+l 

X^^xl''-''^{x,,X2y''-''-\ X^xi-'{X2, X2}}. 

One can easily prove by induction on 1 < i < ^'^-f-''^ that 

2' 2' 2d+d3-3 g^. 2. ^ 2d+d3-3 

J 2d+d3-i ^ ^. = Shad{J 2d+d^^.) U {a;3-^"'"'^a;^-'a:2 ^ 3;3''"'"^2;2 ^ = 

X^'''xf-''^{x,,X2Y^^-''-\ x'^^'xi-\x„ X2}}. 

In all cases above, we get: J2d-2 — {{xi,X2}^'''^^,X3{xi,X2}'^'^~^, . . . , 

2d-d3-2r ids ^'id-d-^-l 2d-d3( T2(i3-2d-l (i-2 d-lr it 

X3 1-^1)-^2J ) -^3 -^1 t-^l'-^SJ ) • • • ) -^3 -^1 1-^1)-^2JJ- 

We have |J2d-i| — \Shad{J2d-2)\ = 2d — ds so we must add 2d — d^ new genera- 
tors to Shad{J2d-2) to obtain J2d-i- We get J2d-\ = {{a^i, a^2F''~^ a^al^^i, 2:2}^'^'"^, ■ ■ ■ , 
xf-''Ha;i,a;2}''3-\a;f-''^+^a;f-*+Ha;i,a;2}'^^^-'''-^ • • . , x^^ x^^ {x^, X2}} . 

One can easily show by induction of 1 < j < 0^3 — 0? that 

J2d-2+, = Shad{J2d-^+,) U {xf^'^-'''^''^xf^-''-''-'^{x,,X2Y'-''^-'^-'} = 

= {{Xi, X2}^'^-^+^ X,{x,,X2Y'-'^\ X't'^-'^'^{X,, X2r^-^, 

^2d-ds-l+2j^2d-ds+J^^^^ ^^y2ds-2d-l-2j^ ^ X^'+^xf^^l, ^2}}. 

In particular, we get: Jd+d3_2 = {{xi,X2Y+'^'-^X3{xi,X2Y+'^'-^ . . . ,xf-'^{xi,X2Y}. We 
have |J(i+d3_i| — \Shad{Jd+da^2)\ = d so we must add d new generators to Shad{Jd+d3~2) 
in order to obtain Jd+d-^-i- Since J is strongly stable and X3 is a strong Lefschetz element 
for S/J, these new generators are xf^{xi,X2Y~^ so 

Ja+ds-i = {{xi,X2Y+'''-\xs{x,,X2Y+'''-^...,xi'{xi,X2Y-'}. 

Now, one can easily prove by induction on 1 < j < d — 1 that Jd+d3-2+j is the set 

ShadiJa+ds-3+j) U {xt-''-'^{x,,X2Y-^} = {{Xi, X2}'^+*-'+^ . . . , X2}'^-^}. 

Finally we obtain that Jd,,+2d-2 = Sd3+2d-2 and thus we cannot add new minimal generators 
of J in degree > d^ + 2d — 2. □ 
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Corollary 2.3.9. In the conditions of the above proposition, the number of minim,al gen- 
erators of J is d{d + 1) - (^^)^ + 1 if da is even or d{d + 1) - ^^'^"y'"^ + 1 if ds is 
odd. 

Example 2.3.10. 1. Let di — d2 — 4: and d^ — 6. We have 

J — 1*^1' '^\^'2,^ *^1*^2' *^1*^2' *^2' *^3*^2^^*^1' *^2^5 *^3*^2^^*^1' ^^2^ 7 
xl{xi,X2Y, xl{xi,X2Y, xf{xi,X2}, xf). 

2. Let di = d2 = 4: and ds = 5. We have: 

J — ("^ 1 7 •^'[^'2') "^1*^2' *^1*^2' *^2' *^2*^37 *^3"^2{^"^1' "^2} 7 
xl{xi,X2Y, xl{Xi,X2Y, xl{Xi,X2], xf). 

• Subcase di < d2 = d^. 

Proposition 2.3.11. Let 2 < di < d2 — d^ —: dhe positive integers. The Hilbert function 
of the standard graded complete intersection A — K[xi,X2,xz\/ 1 , where / is the ideal 
generated by /i, /2, /s, with /j homogeneous polynomials of degree dj, for all i, with 
1 < i < 3, has the form: 

1. H{A, k) = f +^), for k<di-2. 

2. H{A, k) = {'^'^^) + jdi, for k = j + d^-, where < j < d - di. 

3. H{A,k) = {'^'^^)+di{d-di) + J2i^-^{di-2i), for A; = j + d- 1, where < j < [^J . 

4. H{A, k) = H{A, di + 2d-3-k),ior k> f '^^+f"^ ] . 

Proof. It follows from [31, Lemma 2.9(b)]. □ 

Corollary 2.3.12. In the conditions of Proposition 2.3.11, let J = Gin{I) be the generic 
initial ideal of / with respect to the reverse lexicographic order. If we denote by Jk the set 
of monomials of J of degree k, then: 

1. \Jk\ = 0, for k<di-l. 

2. I Jfel = j{j + l)/2, for k^j + di-1, where < j < d - di. 

3. I Jfcl = + j(^d - di) + for A; = J + d - 1, where < j < [^J . 
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4. If d, is even then \J,\ = 3df+2d,+4d^+4d-4dd, ^ ^(2^ ^ ^ ^ ^. ^ 2d±|^^ 
where < j < 

If is odd then I Jfel = 3df+4d^-4ddi-3 ^ ^(2^ + 3£ for A; = j + 2^±fi^, where 
< J < 

5. I Jfcl = + di{di - 1) + i(2(ii + + for A; = i + + d - 2 , where 
< J < - c?i. 

6. = M2rf-i)-rfi(rfi-i) ^ ^-(^2^ + di)), for A; = J + 2d - 2, where < j < di - 1. 

7. Jfe = -Sfc, for A; > 3d - 2. 

Proposition 2.3.13. Let 2 < di < d2 = d^ =: d he positive integers. Let /i,/2,/3 € 
K[xi,X2, X3] be a regular sequence of homogeneous polynomials of degrees di, 0^2, ^3. Let / = 
{hi fi-i fi)-i J — Gin{I), the generic initial ideal with respect to the reverse lexicographic 
order and 5"// has (SLP), then if di is even we have: 

T / di di-2j+l d-di-2+3j di-2j d-di-l+3j r i ^ • ^ "^l ~ ^ 

J — [Xi,Xi X2 ,Xi ■'X2 jorl<j< — - — , 

di+2d-4 dl+2d-4 „ . „ . , di+2d „ . . di+2d-2 (ii — 4 

2 2 21 21 — 1 — 2 2i o J £ ■\ ^ ■ ^ 

X\X2 1X2 , X3 X2 , . . . , X^ X2 J J- ^ J ^ 2 ' 

^dl-2+2j^d-di-i+l|^^^^_^^di-l forl<j<d- di, 
^f-<ii-2+2,^^^^^^y,-j ^^^^ 

Otherwise, if di is odd, then: 

J = {xi\x'r^'^'xi-''-^^'\x'i^-^^xi-''-'^'' for 1<3< 

di+2d-l di+2d-3 di +2d-3 „. di +2d-3 „. Q 

^^^^2 ^ 2j+l 2j ^^^=2 3:/ 2i+l ^^^=2 3j „ 1 ^ • ^ _ 

^2 , 3^3X2 , X3 3^]^ ^2 , . . . , X3 ^2 /or i ^ J ^ 2 , 

^dl-2+2j^d-<ii-i+l|^^^^^|di-l forl<J <d- di, 
^2d-di-2+2j^^^^^^|di-i 1 < j < di). 

Proof. We have | J^J = 1, hence J^j = {a:^^}, since J is a strongly stable. Therefore: 

Shad{Jd,) = {xf'{xi,X2},x'l'x3}. 

Assume d > di + 1. Using the formulas from 2.3.12 we get |Jdi+i| — \Shad{Jdi)\ = so 
Jdi+i — Shad{J(ii). We show by induction on 1 < j < d — di that 

Jd^+j = Shad{Jd^-i+j) = {x'l^{xi,X2y ,x'j^X3{xi, X2y~^, x'^^x^}. 
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We already prove this for j = 1. Suppose the assertion is true for some j < d — di. Since 
|Jdj+j| = \Shad{Jdj^_i+j)\ we have Jdi+j = Shad{Jdi-i+j) thus the induction step is done. 
In particular, we get: 

Jd-i = KHxi, X2Y-''-\ xt'xs{x^, x^y-'^-', xf^xi-'^-'}. 

which is the same expression as in the case d = di + 1. 

In the following, we consider two possibilities. First, suppose di — 2. We have \Jd\ — 
\Shad{Jd-i)\ = 2 so we must add two new generators to Shad[Jd-i) in order to obtain J^. 
Since J is strongly stable and xz is a strong Lefschetz element for S/ J these new generators 

are XiX2^^ and x^- 

Suppose now di > 2. We have | Jd\ — \Shad{Jd-i) \ = 2 so we must add two new generators 
to Shad{Jd-i) in order to obtain J^. Since J is strongly stable and x^ is a strong Lefschetz 
element for S/J these new generators are x'{^~^ x'^"'^^^^ , x'i^~'^ X2~'^^'^'^ . Therefore 

Jd = {xt-\x,,X2}'-'\xtxs{xi,X2y-''-\...,xtxi-'^}. 

We prove by induction on 1 < j < [^^J that: 

Jd-i+j = Shad{Jd-2+j) U {xi^~^^'^^X2~'^^~'^^^^ ,xf^~'^^X2~'^^~^~^^^} = 
= {xi'-''{x,,X2Y-''-'-'^,xt'-'^+'x^{x^,X2Y-''-'-'', . . . , xf^ xi{xu X2}'-''-\ 

™di i+lr |(/-di-2 ^di d-di+j-1^ 

We already done the case j = 1. Suppose the assertion is true for some j < |_^^^2~^J • Since 
\Jd+j \ — \Shad{Jd-i+j)\ = 2 we must add two generators to Shad{Jd-i+j) in order to obtain 
\Jd+j\ and they are a;*~^-'~^X2~'^^^^''^^, ^^^"^-'"^Xg"'^^^^''^^ because J is strongly stable and 
X3 is a strong Lefschetz element for S/J. Therefore, the induction step is done. 

In the following, we consider two possibilities: di is even or di is odd. First, suppose d\ 
is even. We have 

Jdi+2d-4 = {x^{xi,X2] 2 ^X^Xz{Xi,X2] 2 , . . .^X^^X^ " {Xi,X2] " , 
2 

Xi X3 \Xi,X2j- , . . . , X]^ U/3 J-. 

Since | J d^+2d-2 \ — \Shad{J di+2d^4 ) \ = 2 we need to add two new monomials to Shad{J d^+2d-A ) 
22 2 

and since J is strongly stable and X3 is a strong Lefschetz element for S/J., they are 

dl+2d-4 di+2d-4 

X1X2 ^ ,^2 ^ ) thus: 

di+2d-2 dj+2d-8 . 2r di+2d-14 

J di+2d-2 = \ \xi,X2\ 2 ,a;3a;i|a;i,a;2) 2 , a;ia;3|a;i, 0:2) 2 ^...^ 
2 

di di+2 2d-dx-2 

a;^^a;3~{a;i, a;2}''-''^-\ a;f^a;3~{a;i, X2Y-'''-\ x^'x^^}. 
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One can easily show by induction on 1 < j < ^^^^ that 
2 . = Shad(J di+2d-i , . 



2 

2' 2' 1 ''1+^'* 3j 2' j 

J di+2d-2 . = Shad(J di+2d-4 .) U {x^ x^~^X2 ^ 3;3-'3;2 ^ "'} — 



= {{a;i,a;2} 2 ^ a;3{a;i, 2:2} 2 . . . , Xg-'la;!, 0:2} 2 "^ 

^3 ^1 {2;i)3;2} 2 , . . . , X3 {3^1,3:2} ^ , . . . , X3 }. 

The assertion was already done for j — 1 and the induction step is similar. 
If di is odd, we get 

dl+2d-5 o di+2d-ll , , , 

J di+2d-3 = {xi{xi,X2} 2 ,XiX3{xi,X2} 2 ^ . . .,X]^X^ ^ {xi,X2} ~ ^~ , 
2 

di+l 2d-di-3 

xtx;^{x,,X2Y-''-', . . .,xi^X^^}. 

Since | J di+2d-i | — \Shad{J di+2d-3 )\ — 2we add two generators to Shad{J di+2d-3 ) in order 
22 2 

d]^+2d-l di+2d-3 

to obtain Jdi+2d-i and they must be 0:2 ^ , a;3a;2 ^ , therefore: 
2 

dl+2d-l di+2d-3 „ 2 di+2d-ll 

Jdi+2d-i = {{xi, X2} 2 ,x3{xi,X2} 2 ,a;ia;3{a:i,a;2} 2 
2 

dj+l d]^+3 2d-dj-l 

xt'x~{xi,X2Y-'''-\xt'x~{xuX2Y-'''-^ . . .,xt'x^^}. 

Since I Jdi+2d+i I — \Shad{Jdj+2d^)\ = 3, we add 3 new generators to ShadjJ d^+2d-i ) in order 
22 2 

di+2d-9 dx+2d-7 dj+2d-5 

to obtain Jdi+2d+i and they ^ , therefore 

2 

di+2d+l di+2d-l „ dj+2d-3 „ dj+2d-6 

Jdi+2d+i = {{xi,X2] 2 ,Xz{Xi,X2] 2 ^X^{Xi,X2} 2 , Xglxi, a;2} 2 , . . . , 

2 

dx+3 di+5 2d-dx+l 

x'i'x^{x,,X2Y-'''-\x'i'x^{x^,X2Y-'''-\...,xtx^^}. 



One can easily prove by induction on 1 < j < that 



2' 1 2' ''l+2''~3 Qj 2' ]^ di+2d-3_g^. 

J di+2d-i . = Shad{Jdi+2d-3 .) U {x^^^Xi X2 ^ 2;3'''^'^3;2 ^ ^} = 



dj+2d-l . dj+2d-3 . 2l4-2 r d]^+2d-3_. 

^{{xi,X2] ^ +^a;3{a;i,a;2} ^ +^...,a;3-' {xi,X2} ^ ^ 

X2}^^^-^^ . . . , xt^xtix,, X2Y~'^-\ Xtxf^^'}. 

The assertion was already proved for j — 1 and the induction step is similar. 
In all cases, we obtain 

Ja,+d-2 = {{Xl, X2Y'+''-\ X3{XU X2Y^^''', ^2}', 
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xt'xt-'{x,,X2Y-''-\...,xt^xi-'}. 

We have \Jd-i^+d-i\ — \Shad{Jdi+d-2) \ = c^i so we must add di new monomials to Shad{Jdi+d-2) 
in order to obtain Jd^+d-i- Since J is strongly stable and is a strong Lefschetz element 
for S/J, these new monomials are x'^^ X2~'^^ {xi, X2}'^^~^ , therefore 

Jd,+d-l = i{xi,X2Y''-''-\xs{x,,X2Y''-''-',...,xi'{xi,X2Y'\ 

di+lr \d-di-2 di d-l\ 

One can easily prove by induction onl < j < d — di that 

Jdi+d-l+j = Shad{Jd^+d-2+j) U {Xg^ '^'^'^■'x2 '^^ ''~^^{xi,X2}'^^ ^} — 

the case j — 1 being already done and than, the induction step being similar. In particular, 

J2d-2 = {{x,,X2Y'-\x^{x,,X2Y'-\ . . .,x'/-'^-'{x„X2r^}. 

We have | J2(i-i| — \ Shad{J2d-2) \ = di so wc must add di new generators to Shad{J2d-2) 
in order to obtain J2d-i- Since J is strongly stable and x^ is a strong Lefschetz element for 
S/J, these new monomials are Xg"'^* {xi, 0:2}°'^"^ so 

J2d-i = {{xl,X2^-^X3{xl,X2^-^...,a;f -'^4^1,^2}'^-'}. 
One can easily show by induction on 1 < j < lii that 

J2d-2+,- = Shad{J2d-3+j) U {xf-'''-'^^'{xi,X2Y'-'} = 

= {{a;i,a;2}^'^-^+^ . • . , xf-'^'^-^'^ {x„ X2r^-^}. 

Finally, we obtain Jdi+2d-2 = 'S'd^+2d-2 and therefore we cannot add new minimal generators 
of J in degrees > di + 2d — 2. □ 

Corollary 2.3.14. In the conditions of the above proposition, the nvmber of minimal 
generators of J is d\{d + 1) — (y) +1 if d is even; d\{d +1) ^ — hi if d is odd. 

Example 2.3.15. If di — A, d2 — ds — 6, then J — {xf, xfx^, x\x\, x\, X3X2, x\xix%, 

{xi,X2Y, xlx2{xi,X2Y, xl{xi,X2Y, xf{xi,X2Y, xf{xi,X2}, xf). 

If di = 3 and ^2 = d^ = 6, then: J = {xf, x\x2, Xix\, Xix\, xl, ^2}^, 

xlxl{xi,X2Y, xlx2{xi,X2Y, ,xl{xi,X2Y, X^'^ {xi, X2}' X^'^) . 



• Subcase di < d2 < d^. 
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Proposition 2.3.16. Let 2 < rfi < < (is be positive integers sucli tliat 

di + d2 > (^3 + 1. Tlie Hilbert function of tlie standard graded complete intersection 
A = K[xi,X2,X3]/I, wliere / is the ideal generated by /i, /2, /s, with /j homogeneous 
polynomials of degree di, for all i, with 1 < i < 3, has the form: 



1. 


H{A,k) = 


('=f),for A;<cii-2. 






2. 


H{A, k) = 


(%+i)+jcii, forA; = j4 


- di — 


1, where < j < d2 — di. 


3. 


H{A,k) = 


{'T)+Md2-d,)+j:i 




-i), for A; — j+d2 — l, where < A; < ^3 — ^2- 


4. 


H{A, k) = 


(%+Vr/i(r/2-rfi)+E£ 




-j)+El=i{di+d2-d3-2i), for k = j+d^-l, 



where < j < [!k±k-ik^]. 



5. H{A, k) = H{A, di + d2 + d3-3-k)for k> d3-l + [^i±^2^i^]. 

Proof. It follows from [31, Lemma 2.9(b)]. □ 

Corollary 2.3.17. In the conditions of Proposition 2.3.16, let J = Gin{I) be the generic 
initial ideal of / with respect to the reverse lexicographic order. If we denote by the set 
of monomials of J of degree k, then: 



1. 


141 


= 0, for k<di-l. 




2. 


\Jk\ 


= j(i + l)/2,for A; 


= J + di — 1, where < j < ^2 — di. 


3. 


\Jk\ 


= d2{d2 - 1) +jid2 


~ di) + j(j + 1), for A; = j + (^2 — 1, where < j < 1^3 — ^2 


4. 


\Jk\ 


= |Jd3_i|+i(2d3- 


c^i - d2) + for A; = j + ^3 - 1, where < j < [^]. 



5. If di + d2 + ds is even then \Jk\ = | A+d,+d,-4 | + 0'+i)('^i+'^2+rf3) ^ Mlti)^ for A; = 

j + di+d2+d3-2 ^ ^Y^QYe 0<j< di+d2-d3-2 _ 

Udi + d2 + d3is odd then |Jfe| = | J a, +d,+d,-3 1 + ^('^i+^^+^a) + ^ jpr = .7 + '^i+'^2+'^3-3 ^ 
where < j < di+di-ds-i _ 

6. iJjtl = \Jd,+d2-2\+j{'2di + 2d2-d3-l)+f,iork^j + di + d2-2,where0<d3-d2. 

7. \Jk\ = \ Jd,+ds-2\+j{2di + d3-l) + '^^,for k ^ j + di + d3-2,where0 < J < d2-di. 

8. I Jjfcl = \ Jd2+d3-i\ + j{di + d2 + ds), for A; = j + di + ^3 - 2, where < j < di - 1 

9. Jfc = Sk, for k>3d- 2. 
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Proposition 2.3.18. Let 2 < rfi < ^2 < c^s be positive integers such that di + d2 > d-i, + 1. 
Let /i, /2, G K[xi, X2, x^] be a regular sequence of homogeneous polynomials of degrees 
di, d2, ds- Let a = di + d2 — d^. Let / = (/i, /2, /s), J = Gin{I), the generic initial ideal 
with respect to the reverse lexicographic order, and suppose S/I has (SLP). If a is even, 
then: 

J (^'^1 ^di — l d2—di+l „cii— 2 d2— di+3 „<ii+ci2— ds 2^3— di— d2 — 1 

J — , Xi X2 ,^1^2 , . . . , Xi X2 , 

^di+d2-d3-2j 2d3-di-d2+3j-l di+d2-d3-2j+l 2d3-di-d2+3j-2 « ■ - 



-^2 •*'2 J J ~ ^1 



2 



dl+d2+<i3-2 dl+d2+rf3-4 dl+d2+rf3 3^ _ CK — 2 

^2 ' ,a:iX2 ' ,2^3^a:;2 ' {3^1,3:2} ^~ /or J = 1, 

di+d2-d3+j-2 2d3-di-d2-2j+2 di+d2-d3+2j-2 d3-j di+d2-d3+2j-2 r ■ _ , , 

•^1 -^2 -^3 ' ■■) -^2 -^3 J ^' J — "3 "2, 

di+(i3-d2+2j-2 d2-di-j+l di+d3-d2+2j-2 d2-j f _„ • _ -. j ^ 

•^1 -^3 -^2 ) ■ ■ ■ ) -^3 -^2 7 0/ J — 1, . . . , U2 "1, 

{xi, X2}''^-^x^^+*-'^^-'+'^' /or i = 1, . . . , di). 
Otherwise, if a is odd, then: 

T /'^'^i ^di — 1 d2— 2 d2— di+3 ^di+d2—d3 2d3—di—d2 — l 

J — , Xi X2 ,^1^2 , . . . , Xi X2 , 

^di+d2-d3-2j 2d3-di-d2+3j-l di+d2-d3-2j+l 2d3-di-d2+3j-2 ■ _ -, a—1 
Xi X2 ,Xi X2 ,j — 1, . . . , 2 ) 

dl+d2+d3-l di+d2+d3-3 ^. ^ ^1+^2+^3 -3 g^. 2+1 j « — 3 

j/2 ) •*'3-*'2 1 -^1 -^3 -^2 1 ••■I -^3 -^2 i J 2 ' 

„di+d2-(i3+j-2 2<i3-<ii-ci2-2j+2 di+d2-(i3+2j-2 (i3-j „(ii+d2-(i3+2j-2 n ^ _ 1 ^ ^ 

X2 ,--,2:2 2:3 /or J — i, .., 03 — a2, 

^^1-1^^1+^3-^2+2^-2 ^2-^1-7+1 di+d3-d2+2j-2 d2-j f ■ _ 1 j j 

^-i 2:3 X2 ,...,X3 a;2 jor J — i, . . . , 02 — «!, 

{xi, X2}'^^-^a:^^+'^-''^-'+'^' /or J = 1, ... , di). 

Proof. We have jJ^J = 1, hence J^j = {3:^1^}, since J is strongly stable. Therefore: 

Shad{JdJ = {x'l^{xi,X2},xf'x3}. 

Assume d2 > di + 1. Using the formulas from 2.3.17 we get |Jdi+i| — \Shad{Jdi)\ — 0, 
therefore 

Jdi+i = Shad{JdJ = {xf^{xi,X2},xf'x3}. 
Using induction on 1 < j < ^2 — c^i — 1 we prove that 

Jdi+j = Shad{Jd^+j_i) = {xf'{xi,X2y,...,xlxf'}. 

Indeed, this assertion was already proved for j = 1, and if we suppose that is true for some 
j < d2 — di — 1 wc get I = \Shad{Jdj^+j)\ so we are done. In particular, we obtain 

Jd2-1 = {xi'{x,,X2Y'-''^-\x3xt{Xi,X2y'-'''-^ . . .,xf-'''-'xi'}. 
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We have \Jd2\ — \Shad{Jii,^^i)\ = 1 so we must add a new generator to Shad^Jd^-i) in or- 
der to obtain Jd^ ■ But since J is strongly stable and X3 is a strong Lefschetz element for S/ J, 
this new generator is x'l^^^x'^^^'^^^^ and therefore = {xf^^^{xi, X2}'^'^~'^^~^^ , x^Xi^ {xi, X2}'^'^~'^^~'^, ■ ■ ■ , 

We show by induction on 1 < j < ^3 — ^2 that 

Jd2-i+j = Shad{Jd2-2+j) U {xf "■'xa'"'^''^^^"^} = 

The first step of induction was already done. Suppose the assertion is true for some j < 
ds — d2- Since \Jd2+j\ ~ \Shad{Jd2-i+j)\ = 1 and J is strongly stable and x^ is a strong 
Lefschetz element for S/J, we add xf-~-^~^X2^~'^'^~^'^-'~^^ to Shad{Jd2-i+j) in order to obtain 
Jd2+j- Thus, we arc done. In particular, wc get 

7 _ ( ^d\+d2-d3 ( \2d3-d1-d2-l rr rrd\+d2-d3^-\ ( \2d3-d1-d2-3 

^d3-d2 dir ^d2-di-l ^dg-di-l dix 

X3 \-i'l,-i'2f ) • • • ) -^3 •''1 /• 

We consider first a = 2, i.e. 0^3 — di + d2 — 2. In this case, since | Jdgl — \Shad{Jd3-i)\ ~ 2 
we add two new generators to Shad{Jd3-i) in order to obtain J^g. Since J is strongly stable 
and xs is a strong Lefschetz element for S/J, these new generators are xf^ and xiX2^~^. 

Suppose now a >2. We have {Jd^l — \Shad{Jd.^-i)\ = 2 so we must add two new genera- 
tors to Shad{Jd.^-i) to obtain Jd.^. Since J is strongly stable and x-^ is a strong Lefschetz ele- 
ment for S/J, these new generators are +'^2-^3-2^2^3-^1-^2+2 ^d,+d2-d3-i^2d3-di-d2+i ^ 

therefore 

J^3 = {a;f+'^^-'^^-'{,Ti,X2}'''^-'^i-'^^+',a;3a;fi+''^-''Ha;i,a;2}''^'"'^^"'''"\ 

2 di+d2— <i3+lr \ 2d3— di— ci2— 3 ™<i3— <i2„<ii / 1^2— di ™<i3— di „di \ 

j/gj/]^ \Jyl,dy2j ) ■ ■ ■ ) •*'3 \'*'1)'*'2/ ) ■ ■ ■ ) •*'3 /■ 

One can prove by induction on 1 < j < [^f^J that Jds-i+j is the set 

Shad{Jd3-2+j) U |a;^l+''2-d3-2,-^2d3-dl-c(2+3i-l^^dl+d2-d3-2,>l^M3-dl-d^ ^ 

|^di+d2-d3-2,|^^^ ^^|2d3-di-d2+3i-i^ _ _ _ ^ +'^2-*-'4-H2:i, X2}''^^-'^^-'^^+^ a^^da-i}- 

Indeed, the assertion was proved for j = 1 and the induction step is similar. In the following, 
we must consider two possibilities: a is even or a is odd. Suppose first a is even. We obtain 
that J di+d2+d3-4 is the set 

2 

dl+d.,+d3-8 J , J J „ di+d2-d3-4 di+d2-d3-2 

{xl{xuX2} , . . . , xf^+^^-'^^-^Xa ^ {a;l,a;2}^'^^-'^^-'^^+^X3 ^ J,3_i}. 

We have | J di+d2+d3-2 1 — I Shad(J di+d2+d3-4 ) \ = 2 so we must add two generators to Shad(J di+d2+d3-4 ) 

2 2 2 

and, since J is strongly stable and xs is a strong Lefschetz element for 5"/ J, these new gen- 

dl+d2+d3-2 di+d2+d3-4 

erators are X2 ^ and X1X2 ^ ■ Therefore 

^ rr di+d2+d3-2 di+dg+dg-S 

Jd^+d2+d3-2 = {{a;i,a;2} 2 , a;ia;3{a;i, 2:2 j 2 
2 
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di+d2-d3-2 2 r„ „ \2d3-di-d2+2 „ 2 T \ 

One can easily prove by induction on 1 < j < ^ that J the set 

2 

2- 2-_l dl+d2+d3-2 3j 2' ^1+^2+^3-2 

= Shad(J di+d2+d.i-4 , .) U {x3''x/ ^2 ^ , ■ ■ ■ , 3;3''x2 ^ } = 

2 

.2}^^^^^+^ . . . , .^{-1, x.}^^^^^-, . . . , 

Suppose now a is odd. We have that Jd^+d^+d^-s is the set 

2 

di+d2+ti3-6 J ,j J o rfl+rf2-rf3-3 di+d2-d3-l 

{xi{xi,a;2} ,...,xf+^^-'^^-^X3 ^ {xl,X2}2'^^-'^-'^^+^X3 ^ J,3_i}. 

We have | Jdj+da+dg-i | — | Shadj J di +d2+d3 -a ) | = 2 so we must add two new generators to 

2 2 

Shad(J di+d2+d3-3 ) in order to obtain Jdi+da+dg-i. Since J is strongly stable and 2:3 is a 
2 2 

di+d2+d3 — 1 d]^+d2+d3 — 3 

strong Lefschetz element for 8/ J, these new generators are X2 ^ and XsX2 ^ 
Therefore 

di+d2+d3-l dl+d2+d3-3 Q 9 r 1 '^1 +"^2 +''3 " ^ 

Jdi+d2+ds-i = {{xi, X2} 2 ,a;3{a;i,a;2j 2 , a;ia;3{a;i, 2:2 j 2 
2 

d^+d2— d3 — 1 d;^+d2— d3 + l 

^1+^2-^3-2™ 2 It. x2d3-(ii-<i2+2 ™ 2 T \ 

One can easily prove by induction on 1 < j < that 

J d^+d2+d3-i ■ = Shad{J di+d2+ds-3 .) U jx/x^ X2 ^ ,...,Xn X2 ^ }. 

2 """J 2 



For j' = 1, we notice that | J di+d2+d3+i | — \Shad{J di+d2+d3-i ) \ = 3 so we must add 3 new 

2 2 

monomials to Shad(J di+d2+ds-i ) in order to obtain J di+d2+d3+i . But, since J is strongly 

2 2 

d]^+d2+d3— 3 g 

stable and X3 is a strong Lefschetz element for S/J, they are exactly xlxlx2 ^ , 

di+d2+d3— 3 2 d^+d2+d3— 3 

Xixlx2 ^ and required. The induction step is similar. 

In all cases, we obtain that J(ii+d2-2 is the set 



«^ rr \dl+d2-2 ™ ™ \(il+d2-3 ^^1+^2-^3-2/™ ™ \(i3 ™rfl+(i2-(i3-l T 1 

Xi,X2} ,X3\Xi,X2} ,...,X^ \Xi,X2} jX^ Ja^-l}- 

We have 17^^+^2-1 1 ~ \Shad{J(i^+(i2-2)\ — en, so we must add a new generators to obtain 
Jdi+d2-i- Since J is strongly stable and x^ is a strong Lefschetz element for S/J, they are 
^di+d2-ds-i^2d3-d,-d2^<h+d2-ds^ . . . therefore Jdi+<i2-i is the set 

«^ ^ \di+d2-l „di+d2-d3f \d3-l „di+d2-d3+l di+d2-d3+l f \2d3-d1-d2-3 

Xl,X2f , . . . , X3 \Xl,X2f , X3 \Xl,X2f , 

Xi^xi^ {X,, X2}'''-''-\ Xtxt + '{X,, X2Y'^-''-', Xtxt'-'}. 
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One can easily prove by induction on 1 < j < 0^3 — ^2 that J^^+dj-i+j ^^e set 

Indeed, the case j = 1 was already done and the induction step is similar. In particular, 

we get 

'Jdi+d3-2 — iiXl,X2} ,X3{Xi,X2} ,...,X^ iXi,X2} , 

xtxt'^'''-''-'-'{xi, X2y'-'^'~\ X^X^^'-^}. 

Since |Jrfj+d3_i| — \Shad{Jdj^+d3-2)\ = di we must add di generators to Shad{Jdj^-^d3-2) in 
order to obtain J^i+dg-i. Since J is strongly stable and X3 is a strong Lefschetz element for 
S/J, these new generators are x'^'-'^xi'+'^'-'^^xi^-'^\ . . . ,xi'+'^'-'^'xi'~\so Jd,+d3-i is the 
set 

«rr rr \di-\-d3-l ^di+d3-d2f„ „ \ci2-l ^di di+d3-d2+l ( ^ „ \d2-d1-2 ^di d3-l\ 
Xi,X2f ,...,X^ \Xi,X2f ,Xi X^ \Xi,X2f ,...,XiX^ }. 

We prove by induction on 1 < j < — <ii that Jdj^+d3-2+j is the set 

Qhnrl( T \ \ \ S ^di-l di+d3-d2+2j-2 d2-di-j+l di+d3-d2+2j-2 d2-j\ 

onaa[Jdi+d3-3+j ) ^ \Xi x^ X2 ,...,x^ -^2 s- 

Indeed, we already proved this for j = 1 and the induction step is similar. We get 

Jd2+d3-2 = {{x^,X2Y'+^'-\x3{x,,X2Y'+'''-\ . . .,xf+''^-''^-\x^,X2Y'}. 

One can easily prove by induction on 1 < j < that 

Jd2+d3-2+j = Shad{Jd,+d3-3+j) U {xt+'''-'''-^^^'{xi,X2Y'-'} = 

= {{XU X2Y'^'''-'-'' : ■ ■ ■ , xt'-'^-'^-'+'^{x,,X2Y^-^}. 

Finally, we obtain 7^1+^2+^3-2 = Sdi+d2+d3-2 and therefore we cannot add new minimal 
generators of J in degrees > di + d2 + ds — 2. □ 

Corollary 2.3.19. In the above conditions of the above proposition, the number of minimal 
generators of J is di{d2 + 1) — (f) +1 if o. is even or di{d2 + 1) — + 1 if a is odd. 

Example 2.3.20. 1. Let rfi = 3 , ^2 = 5 and d^ = 6. Then 

X2xl{xi,X2Y, xl{xi,X2Y, xf{xi,X2}, xf). 

2. Let di = 4: , d2 = 5 and ds = 6. Then 

J — {Xi, X1X2, X1X2, X1X2, X2, 2^33^2) ^2'^3{'^1) -^2} ) 

X2xl{Xi,X2Y, xl{Xi,X2Y, xl{Xi,X2Y, 2:3^ {^i, 2:2}, xl^). 
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Remark 2.3.21. If fi, f2, fs ^ S = K[xi,X2,X3] is a regular sequence of homogeneous 
polynomials of given degrees di, d2, ds such that 8/ (/i, /2, fs) has (SLP), then the number of 
minimal generators of J = Gin{{fi, f2, /a)), n{J) < di{d2 + l) + l. This follows immediately 
from 2.2.4, 2.2.9, 2.3.4, 2.3.9, 2.3.14 and 2.3.19. 

Remark 2.3.22. Let /i,/2,/3 E S = K[xi,X2,X3] be a regular sequence of homogeneous 
polynomials of given degrees di,d2,d3 such that 8/ 1 has (SLP), where I = (/i,/2,/3)- Let 
J — Gin{I). One can compute the socle of 8/ J, as follows. Since J is (strongly) stable, 
(J : (xi, a;2, X3)) = (J : x^). Indeed, if u & (J : x^), then x^u e J and since J is stable, 
Xi{x3u) / Xs = Xiu G J and also X2{xzu) / x^, = X2U G J, thus u G {J : {xi,X2,X3)). 

On the other hand, for example, when di + d2 < d^ + 1 and di = d2 < d^. Proposition 
2.2.3 implies (J : x^) = J + T, where 

T = {xl'-''-'xt-''+''^'{x^, X2y, < J < d - 2, xt^'^''{x^, X2y-\ l<J<d). 

One can check that none of the minimal generators ofT is in J. Therefore, the set of the 
minimal generators ofT form a base for 8oc{8/J). 

The other cases are similar, and the reader can easily compute the socle of 8/ J for any 
integers di,d2,d3 > 2. 

2.4 Generic initial ideal for (n, (i)-complete intersec- 
tions. 

Let K be an algebraically closed field of characteristic zero. Let 8 — K[xi, . . . ,Xn\ be 
the polynomial ring in n variables over K. Let n,d > 2 he two integers. We consider 
/ = (/i, . . . , /„) C 5" an ideal generated by a regular sequence /i, . . . , G 5" of homoge- 
neous polynomials of degree d. We say that A = 8/1 is a {n,d)- complete intersection. Let 
J = Gin{I) be the generic initial of /, with respect to the reverse lexicographic (revlex) 
order (see [18, §15.9], for details). 

We say that a property (P) holds for a generic sequence of homogeneous polynomials 
/i, /2, . . . , /„ G S" of given degrees di,d2, . . . ,dn if there exists a nonempty open Zariski 
subset U C Sell X 8d2 x ••• x 8^^ such that for every n-tuple (/i, /2, • • • , /n) G U the 
property (P) holds. 

For any nonnegative integer k, we denote by Jk the set of monomials of J of degree k. 
Conca and Sidman proved that Ja is revlex if /i, ...,/„ is a generic regular sequence, (see 
[16, Theorem 1.2]). We will prove that is a revlex set in another case, namely, when 
fi G k[xi, . . . , Xn]. It is likely to be true that is revlex for any complete intersection, but 
we do not have the means to prove this assertion. 

Let / = (/i, . . . , fn) (Z 8 — K[xi, . . . , Xn] be an ideal generated by a regular sequence 
/i, ■ ■ ■ , /n e S of homogeneous polynomials of degree d. Let J = Gin{I) be the generic 
initial ideal of /, with respect to the revlex order. It is well known that the Hilbert series 
of 8/ J is the same as the Hilbert series of 5"// and moreover, H{8/J,t) — H[8/I,t) — 
(1 + t + ■ ■ • + f^'^Y. More precisely, we have: 
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Proposition 2.4.1. 1. H{S/J, k) = ( ), forQ<k<d-l 



2. H{S/J, k) = {'II-') - n{=Ti)' ford<k< 



n(d-l) 
2 



and j = k — d. 



3. H{S/J, k) = H{S/J, n{d - 1) - k), for k > 



n(d-l) 
2 



Proof. Use induction on n. Denote if„(t) = {1 + t + ■ ■ ■ + t'^ ^)"'. The case n = 1 is trivial. 
The induction step follows from the equality Hn{t) — + t-\ h t'''"^). □ 

Corollary 2.4.2. 1. \Jk\ ^ 0, for k < d - 1. 



2. \Jk\=n{^ll-'),ford<k< 



n{d-l) 
2 



and j = k — d. 



n(d-l) 



< /C < 



[n — l)((i — 1) — 1, where j — k — 



n(d-l) 



4- \Jk\ = - for {n - l){d -1) < k < n{d- 1), where j = 

k-{n-l)[d-l). 



Proof. Using | J^l = \Sk\ — H{S/ J, k) the proof follows from 2.4.1. 



□ 



Suppose fi = X^^i bik'>^k for 1 < i < n where Mi, M2, . . . , mat G S are all the monomials 
of degree d decreasing ordered in revlex and N — (^^^"7^). We denote Uk — x"*^. For 
example, ai — {d,0, . . . ,0), a2 — {d — 1,1,0, . . . ,0) etc. 

Wc take a generic transformation of coordinates Xi 1— > Yl^=i ^ij^j for i = 1, . . . , n. Conca 
and Sidman proved in [6] that we may assume that Cij are algebraically independents over 
K. More precisely, if we consider the field extension K G L = K{cij\i,j = l,n) and if we 
set 



■^i fi (^ ^ ^Ij-^jj ■ • • ? ^ ] ^nj^j) £ L'\X\, . . . , Xyi\, i 1, . . . , 

i=i i=i 



then J = Gin{I) = in{Fi, . . . , F„) n S". 

We write = Yl^=i ^HjUj + • • • the monomial decomposition of Fj in L[xi, . . . , a;^]. 
With these notations, we have the following elementary lemma: 

Lemma 2.4.3. is revlex if and only if the following condition is fulfilled: 



an 



air. 
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Proof. Suppose A 7^ 0. Since \Jci\ = n, it is enough to show that ui,...,Un £ J- Let 



A= (a, 



:i,n . Since A = det{A) 7^ 0, ^4 is invertible and we have 



j = l,n 



A-' 



where Hi = Ui+ small terms in revlex order. Therefore LM{Hi) = Ui E J, for all 1 < i < n, 
where LM{Hi) denotes the leading monomial of Hi in the revlex order. 

Conversely, since ui, . . . ,Un G Jd, we can find some polynomials Hi e L[xi, . . . ,x„], 



with LM{Hi) — Ui, 1 < i < n, as linear combination of Fj's. If we denote Hi — X^jLi "^ii^i 
and A — {aij)ij=i^„_^n, it follows that there exists a map ip : L"' ^ L", given by a matrix 
E — {eij)ij=i^,„^n, such that A — A-E. Now, since det{A) 7^ it follows that A = det{A) ^ 
0, as required. □ 

Remcirk 2A.4. By the changing of variables (p given by Xi 1— > Yll=i '^ij^j^ became 



ruk :-- 



J=l |t|=afci \t\=akn 



where, for any multiindex t = (ti, . . . , t„) we denoted x* = • • • x^" and c* = c*|[ ■ • • c*^. 
Let Qki be the coefficient in q^'s of in the monomial decomposition of m^. Using the 
above writing of m^, we claim that: 



(1) 9ki 



E 



l*ll = afcl> ■ ■ ■ ,\tn.\ = Olkn 
tl + ■ ■ ■ + *n = «! 



til 



ftfcl - til 
tl2 



C^kn tjil 
tn2 



ttfel — til — ■ ■ ■ tln-l 
tin 



C^kn tfil 



t 



nn—l 



tr. 



Indeed, the monomial c*^ • • • c^" appear in the coefficient of x"' in the expansion of if 
and only ii ti + ■ ■ • + tn — cki and \ti\ — ctfei, . . . , \tn\ — akn- Moreover, by Newton binomial, 
the coefficient of x*" • • in (J^'^^iCijXj)""'^ is (l';') ■ ■ ■ 

1 < i < n, and thus we proved the claim. 

Since an = J2k=i^ik " gki, from the Cauchy-Binet formula we get: 

^ = XI Bk,,k2,...,kr,Gki,k2,-,k„, where 

l<ki<k2<...<kn<N 



kl,k2,...,kn 



blki 
^nki 



blkr^ 

^nkn 



and Gki,k2, 



9kil 
9k\n 
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Now, we are able to prove the main result of our paper. 

Theorem 2.4.5. If fi G K[xi, . . . ,Xn] then Ja is revlex. In particular, if S/I is a monomial 
complete intersection, then is revlex. 

Proof. Let ki = (*^^"^) , for any i = 1, . . . ,n. Then u^^ — xf. Recall our notation, Uk = x"* . 
We have bn ^ 0, otherwise / = (/i, . . . , /„) C [x^-, • • • , contradicting the fact that / 
is an Artinian ideal. Using a similar argument, we get fej^. ^ for all 1 < i < n. Thus, 
multiplying each /j with 6^^^, we may assume fej^. = 1 for all 1 < i < n. In other words, 
fi — xf + fl, where // contains monomials smaller than xf in the revlex order. Also, since 
fi G K[xi, . . . , Xn] we have 6^/^. = for any i' > i. In particular, 5^^^...^^^ = 1. 

In the expansion of the determinant Gki,...,kn7 appears the term gk^i ■ gk22---gk„n = 
r ■ (cfi) (021^022) ■ ■ ■ (cT) ' ' ' ('^n")) where r is a nonzero (positive) integer. Indeed, by (1), 
we have gn = cf-^^, gk22 = c^Cgf ^022 and, in general, gkii = some binomial coefficient -c"'. We 
claim that m — {cfi){c2i^C22) ■ ■ ■ (cf') • • • (c"") doesn't appear again in the expansion of A. 

Since fi G k[xi, . . . ,Xn], in the monomials in (q;) of ttij there are no q^'s with t < i. 
Also, all the monomials of f- contain variables Xf with t > i. Corresponding to them, in 
Ojj's there are q^-'s with t > i. Thus in an the only monomials in Qi, . . . , Cj„ of degree d 
comes from <f{xf) = {Y^^=i CijXjY, the other monomials being multiples of some Cu with 
t > i. Consequently, in the expansion of A, the monomials of the type c;(^ ■ ■ ■ c^"-, where 
Pi, . . . , /3n are multiindices with \/3i\ — ■ ■ ■ — \(3n\ — d comes only from (p{xf), . . . , (p{xf). 

On the other hand, for any 1 < i < n, c"* is unique between the monomials in q;'s from 
ip{xf^), because they are of the type c] , where 7 is a multiindex with I7I = d. From these 
facts, it follows that the monomial m is unique in the monomial expansion of A and occurs 
there with a nonzero coefficient. Thus A 7^ and by applying Lemma 2.4.3 we complete 
the proof of the theorem. □ 

Remeirk 2.4.6. In the case n — 2 and n — 3, J^. is revlex for any (n, (i)-complete intersec- 
tion. Indeed, in the case n — 2, J itself is revlex since it is strongly stable. In the case n — 3, 
since \Jd\ = 3 and J is strongly stable, it follows that either (a) = ( 
either (b) = (x'l, xf^^X2, Xi^^x^). But in the case (6), the map {S/.J)d-i — ^ {S/J)d 
is not injective, because x'{~^ 7^ in {S/J)d-i and x'{~^Xz = in {S/J)d- This is a con- 
tradiction with the fact that 2:3 is a weak Lefschetz element on S/ J and therefore, Jd is 
revlex. 

Lemma 2.4.7. (a) an = /i(cii, . . . ,c„i) for all 1 < i < n. 

(b) If 1 < I < n is an integer then the sequence aii,a2i, ■ ■ ■ , ani is regular as a sequence 
of polynomials in K[cij\ 1 <i,j <n\. 

Proof. Substituting Xj = for j 7^ 1 in Fj we get (a). In order to prove (b), firstly notice 
that Oil, 021, ... , Oni is a regular sequence on Xfcn, C21, . . . , Cni], since /i, ...,/„ is a regular 
sequence on . . . , and cn, C21, . . . , c„i are algebraically independent over K. 

Let 1 < / < n be an integer. We claim that 

/ N K[cij\ 1 < i, j < n] ^ ir[cii,C2i,...,Cni] 

(ou, ■ ■ ■ , anh Cil - Cij , 1 < i < n, 2 < j < n) (an, 021, . . . , a„i) ' 
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Indeed, by (1), if we put Qj = qi for all 1 < i < n and 2 < j < n in the expansion of gki we 
obtain ri-gki, where ri is a strictly positive integer, which depends only on /, and therefore, 
an became ri ■ an. From (*) it follows that an, . . . , ani, cn — Cij for I < i < n, 2 < j < n is 
a system of parameters for i^[cij| 1 < i, j < n] and thus an, . . . , a„i is a regular sequence 
on i^[cjj| 1 < i, j < n], so we proved (b). □ 

As we noticed in Remark 2.4.6, for n = 3, the conclusion of Theorem 2.4.5 holds for 
any regular sequence /i,/2,/3 of homogeneous polynomials of degree d. In the following, 
we give another proof of this, without using the fact that S/{fi, f2, fz) has the (WLP), 
i.e. X3 is a weak Lefschetz element for 8/ J. Also, we get the same conclusion for the case 
n — 4 and d — 2. However, this approach do not works in the general case. 

Proposition 2.4.8. (a) If fi, f2, fd £ K[xi,X2,X3] is a regular sequence of homogeneous 
polynomials of degree d > 2, I = (/i, /2, /s) and J = Gin{I), the generic initial ideal of I, 
with respect to the reverse lexicographical order, then Jd is a revlex set. 

(b) If fi, f2, fs, f4. £ K[xi,X2,X3,x^] is a regular sequence of homogeneous polynomials 
of degree 2, I = (/i, /2, /s, /4) and J — Gin{I), the generic initial ideal of I, with respect 
to the reverse lexicographical order, then J2 is a revlex set. 

Proof, (a) Let A = (a.y)ij=T;3- Since Gin{fi, f2) is strongly stable, it follows by Lemma 2.4.3 



that A3 



ail ^12 

O2I Ct22 



^ 0. Analogously, A2 



Oil ai2 

031 0t32 



^ and Ai 



021 ^22 
^31 Q32 



^0. 



We have A = oiaAi — a23A2 + a33A3. Suppose A = 0. It follows aisAi = a23A2 — OssAs and 
therefore, since ai3, 023, 033 is a regular sequence in K[cij\i,i = 1, 3], we get Ai G (023, 033). 
The first three monomials of degree d in revlex order are xf, xf^^X2 and It follows 

that the degree of an, aj2 and aj3 in C21, C22, C23 is 0, 1, respectively 2, for any 1 < i < 3. 
Therefore, the degree of Ai in the variables C21, C22, C23 is 1, but the degree of 023 and 033 
in C2i,C22,C23 is 2, which is impossible, since Ai e (0.23,0.33)- 

(b) Let A = (oyOj j^o- Since any three polynomials from /i,/2,/3,/4 form a regular 

sequence, it follows from (a) that any 3x3 minor of the matrix A — {aij) i = 173 is nonzero. 

~ J = 173 

Let Aj be the minor obtained from A by erasing the i-row. Suppose A = 0. It follows that 

O14A1 = O24A2 — 034A3 + 044A4 and therefore, since 014, O24, O34, 044 is a regular sequence 
in K[cij\i,j = 1,4], we get Ai G (024,034,044). Since the first 4 monomials in revlex are 
x1, X1X2, x\, xix^, we get a contradiction from the fact that the degree of Ai in the variables 
C31, C32, C33, C34 is zero, but the degree of 024, 034, 044 in C31, C32, C33, C34 is 1. □ 

Remark 2.4.9. The hypothesis that K is a, field with char{K) = is essential. Indeed, 
suppose char{K) = p and / = {x^,X2) C i^[a;i,a;2]. Then, simply using the definition of 
the generic initial ideal, we get Gin{I) — I and, obviously, Ip = {x{, x^} is not revlex. 

Also, the hypothesis that /i, ...,/„ is a regular sequence of homogeneous polynomials 
is essential. Let J = (/i,/2,/3) C K[xi,X2,x^, where fi = f2 — X1X2 and fs = xix^. 
In order to compute the generic initial ideal of / we can take a generic transformation 
of coordinates with an upper triangular matrix, i.e. Xi Xi, X2 ^ X2 + c^Xi, x^ 1— > 
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X3 + C23X2 + C13X1, where e K for all i,j (see [18, §15.9]). We get 

Fi{xi,X2, X3) := fi{xi, X2 + Ci2Xi,X3 + C23X2 + CiaXi) = xj, 

F2{X1, X2, X3) := f2{xi,X2 + Ci2Xi,X3 + C23X2 + C13X1) = + X1X2, 

F^ixi, X2, X3) := h{xi, X2 + C12X1, X3 + C23a:;2 + C13X1) = C13X1 + 023X1X2 + ^1X3. 
The generic initial ideal of /, J — in{Fi, F2, F3) satisfies J2 = but I2 is not revlex. 

2.5 Several examples of computation of the Gin. 

Let / = (/i, . . . , /„) G S — K[xi, . . . , Xn] be an ideal generated by a regular sequence 
/i, . . . , /„ G S" of homogeneous polynomials of degree d. Let J = Gin{I) be the generic 
initial ideal of /, with respect to the revlex order. 

In section 2.3, the case n = 3 and d> 2 was treated completely, when S/ (/i, /2, /3) has 
(SLP), see Proposition 2.3.3. In the following, we discuss some particular cases with n > 4. 

The case n — A, d — 2. We assume that S/I has (SLP). Prom Wiebe's Theorem, it 

follows that is a strong Lefschetz element for S/J. For a positive integer k, we denote 
Shad{Jk) = {xi,..., Xn}Jk. We have H{S/J, t) = {1 + = 1 + At + 6t^ + At^ + t\ 
We have | J2I =4. From Proposition 2.4.8, J2 is revlex, therefore 

J2 = {xl,XiX2,xl,XiX3} = {{xi,X2}^,XiX3}. 

We have \Shad{J2)\ = 12. On the other hand, | J3I = 16, so we need to add 4 new generators 
at Shad{J2) to get J3. If we add a new monomial which is divisible by xl, then the 

map {S/J)i — ^ {S/J)3, will be no longer injective. Since \{S/J)i\ = \{S/J)3\, we get a 
contradiction with the fact that X4 is a strong Lefschetz element for S/ J. But there exists 
only 16 monomials in 5" which are not multiple of Thus 

J3 = {{xi, X2, Xs}^ , Xi{xi, X2, Xs}^} , and therefore 

Shad{J3) = {{xi, X2, ^3}^, Xi{xi, X2, X3Y, x\{xi,X2, X3Y}. 

Since \Shad{J3)\ = 31 and IJ4I = 15*41 — |(5'/J)4| = 35 — 1 = 34 we have to add 3 new 
generators at Shad{J3) in order to get J4. Since J is strongly stable, these new generators 
are x\xi, x\x2 and x\x3. So 

J4 = {xi, a;2, X3, 2:4}*^ \ {x\}. We get Shad{J4) = {xi, X2, X3, X4Y \ {xl} 

and since J5 = ^5 it follows that we must add xl at Shadi^J^) to obtain J5. From now 
one, we cannot add any new monomial. J is the ideal generated by all monomials added 
at some step k to Shad{Jk), thus we proved the following proposition: 
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Proposition 2.5.1. If I = (/i, /2, /s, /4) is an ideal generated by a regular sequence of 
homogeneous polynomials /i,/2,/3,/4 G 5 = k[xi,X2,X3,X4] of degree 2 such that the 
algebra 3/ 1 has (SLP) then the generic initial ideal of I with respect to the revlex order is 

/2 2 3322333 5\ 

In particular, this assertion holds for a generic sequence of homogeneous polynomials 
/i, /2, /3, fi^ S or if fi e k[xi, . . . , X4], 1 < i < 4. 

The case n — 5, d — 2. In the following, we suppose that S/I has (SLP), so 0:5 is a 
strong Lefschetz element for S/ J. Also, we suppose that J2 is revlex. We have H{S/ J, t) — 
(1 + i)5 = 1 + 5t + lOt^ + lot^ + 5^4 ^ ^5 i^^^^ I ^ 5_ g-j^pg -g revlex from the 

assumption, we have J2 = {{xi, X2}^ , Xs{xi, X2}} ■ So 

Shad{J2) = {{Xi, X2}^, {Xi, X2}^{X3, X4, X5}, X3{XI,X2}{X3, X4, X5}}. 

We have \Shad{J2)\ = 19. On the other hand | J3I = l^sl - \ {S/J)3\ = 35 - 10 = 25, so we 
must add 6 new generators, from a list of 16 monomials, at Shad{J2) to get J3. 

Since x^ is a strong Lefschetz element for 8/ J it follows that we cannot add any mono- 
mial of the form x^ ■ m, where m is nonzero in [S/J)2 because, in that case, the map 
[8/3)2 (S/ J)s will be no longer injective. But there are |(S'/J)2| = 10 such monomials 
m. Therefore, we must add the remaining 6 monomials, x^, x^x^, Xix\, X2x\, x^x\, x\. Thus 

^3 = {{xi, X2, X3, X4y, X5{{xi, X2, Xs}^ \ {xg})}. Therefore : 

Shadi^Js) = {{xi, X2, X3, x^y , X5{xi, X2, X3, x^}^ , xl{{xi, X2, xsY \ {2:3})}. 

We have \Shad{J3)\ = 60 and IJ4I = 15*41 — |(S'/J)4| = 70 — 5 = 65. So we need to add 5 
new generators at Shad{J-i) to get J4. If we add a monomial which is divisible by x\ we 

obtain a contradiction from the fact that the map {8/ J)i {8/ J)^ is no longer injective. 
Therefore, we must add: and so 

J4 = {{Xi,X2, X3, X^y, X^lXi, X2, X3, XiY, xl{Xi, X2, X3, X^^}. 

80 8had{J4) = {{xi, X2, X3, ^4}^, ■ ■ ■ , xl{xi,X2, X3, x^y}. 

Wc have IJ5I — \8had{J4)\ = 4, so we must add 4 new generators at 8had{J4) to get 
J5. Since J is strongly stable, these new generators are: x\xi,x\x2,x\x^.ix\x4. Therefore 
J5 = {{a;i, . . . , 0:5}^ \ Finally, we must add x\ to 8had{J^) in order to obtain Jq. We 

proved the following proposition, with the help of [6, Theorem 1.2] and Theorem 2.4.5. 

Proposition 2.5.2. If I — (/i, /2, • • • , /s) C K[xi, . . . ,x^] is an ideal generated by a 
generic (regular) sequence of homogeneous polynomials of degree 2 or if fi, f2, ■ ■ ■ , fb is 

a regular sequence of homogeneous polynomials of degree 2 with fi G K[xi, . . . ,X:^] for 
i = 1, . . . ,5 then J — Gin{I) the generic initial ideal of I with respect to the revlex order 
is: 

J _ { 2 2 32 2223 

J — \Xiy X1X2, X2, 3^l2^3; X2X'^, 2^3, X3X4, X1X4, X2X4, X4, 

1 1 1 1 2224 4 4 4 fi\ 

X1X4J/5, ./'2'*'4'*'5) •*'3-*'4-*'5) ■*'4'^5) -^s-^l) ■^5-^2) ■^5-*'3) •*'5'*'4) -^5^ 
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The case n = 4, d = 3. We suppose that S/I has (SLP), so X4 is a strong Lefschetz 
element for S/ J. Also, we suppose that J3 is revlex. 

We have H{S/J, t) = {l + t + = (1 + 2t + 3t^ + 2t3 + = 

= 1 + 4t + lOt^ + + 19t^ + 16t^ + + + t\ 

Since IJ3I = 4 and J3 is revlex, it follows that J3 = {xi,X2}^- Therefore, we have 
Shad{Js) = {{xi,X2}*,{xi,X2}^{xs,X4^}}. Since IJ4I — \Shad{J3)\ = 4, we must add 4 
new generators to Shad{J^) to obtain J4. Since x^ is a strong Lefschetz element for S/J 
we cannot add any monomial of the form x^ • m, where m 7^ in J3. Therefore, since J 
is strongly stable, we have to choose 3 monomials from the list ^2}^, X2}, X3. 

There are two different chooses: either we add (I) xl{xi,X2Y, either (11) xlxi{xi,X2,Xs}. 
In the case (1), we get J4 = {{xi,X2}*, {xi,X2}'^{x3,X4^},xl{xi,X2}^}, so 

Shad{J4) = {{Xi, X2}^, {Xi, X2y{x3, X4}, {Xi, X2}^{X3, X^y, XI{X3, X4}{xi, X2}'^}. 

Since | J5I — \ Shad{J/i) \ = 40 — 34 = 6, we need to add 6 new generators at Shadi^Ji) to get 
J5. Since X4 is a strong Lefschetz element for S/ J we cannot add any monomial of the form 
x\m, where m is a nonzero monomial in J3. So, we must add: x\{xi.iX2, 2:3}, Xix\{xi.i X2, X3}. 

Thus J5 = {{Xi,X2,X3}^,X4^{xi,X2,X3y,xl{xi,X2Y}. 

In the case (II), we have J4 = {{xi,X2}^, {xi, X2}^{xs, x^}, Xixl{xi, X2, xs}}, so Shad{Ji} 

is the set {{xi,X2Y, {xi,X2Y{x3, X4}, {xi, X2Y{xy,, x^Y, XgXifxs, Xi}{xi, X2}, a;|Ti{x3, X4}} 
Since | J5I — \Shad{Ji)\ = 40 — 34 = 6, we must add 6 new generators at Shad^J^) to get 
J5. Since 2:4 is a strong-Lefschetz element for S/J, we cannot add any monomial of the 
form xlm, where m 7^ in J3. So, we must add: xlx^, x^X2, xl, X4^xlxl, X4XIX2, x^x^. Thus 

J5 = {{Xl, X2, XsY , X4{Xi, X2, X3Y , xl{xi, X2Y} , 

the same as in the case (I). Thus, in both cases (I) and (II), we get: 

Shad{J^) = {{xi, X2, ^3}^, X4{xi, X2, x^Y, x\{xi, X2, x^Y, xl{xi,X2Y}- 

Since \Shad{J5)\ — I^Sgl — 16and \Jg\ — I^Sel — 10, we must add 6 new generators to Shad{J^) 
in order to obtain Jg. Since x^ is a strong-Lcfschctz clement for S/ J , these new generators 
are not divisible by x\. So, we add x\x3{xi, X2Y) x\x\{xi, X2}, x\x\ and thus, 

-^6 = {{XuX2, Xg}^, Xi{Xi, X2, Xg}^, xl{xi, X2, Xg}^, xl{xi, X2, X^Y}- So 

Shad{jQ) = {{xi, X2, X3Y, X4{xi, X2, X3Y, xl{xi, X2, XsY}- 
\Sj\ — \Shad{jQ)\ = 6 + 4 = 10 and l-S'yl — | J7I = 4, so we must add 6 new generators at 
Shad^Jo) to get J7. Using the same argument, these new generators must be x\{xi, X2, x^Y 
and therefore J7 = {{xi, X2, x^Y: X4{xi,X2, x^Y: ■ ■ xl{xi,X2, xsY}- We get 

Shad{J-j) = {{xi, X2, x^Y^ xa{xi, X2, xg}^, . . . , x\{xi, X2, x^Y)- 

Since \S^\ — \Shad{J-j)\ — 4 and j-S'sl — \ J^\ — 1, we must add 3 new generators at Shad{J-j) 
in order to get J%. Since 0:4 is strong-Lefschetz, these new generators are x\{xi,X2,X'i\, so 
= {xi, X2, x^, X4Y \ {^a}- Finally, we must add x^ to Shad{Js) in order to obtain Jg. We 
proved the following proposition, with the help of [6, Theorem 1.2] and Theorem 2.4.5. 
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Proposition 2.5.3. If I = {fi, f2, fs, Ia) C K[xi,X2,X3,X4] is an ideal generated by a 
generic (regular) sequence of homogeneous polynomials of degree 3 or if fi, f2, fs, fi is 
a regular sequence of homogeneous polynomials of degree 3 with fi e k[xi, . . . ,X4], for 
i — 1, . . . ,A, then J — Gin{I) the generic initial ideal of I with respect to the revlex order 
has one of the following forms: 

(/) J = {{Xi,X2y, xl{xi,X2y, xl{Xi,X2,X3}, X4xl{xi, X2, X3} , 

X4X3{xi,X2}^,X4X^{xi,X2},X4X^, X2, ^3}^, ^^{xi, X2, X4) 

{II) J = {{xi,X2y, xlxi{xi,X2,X3}, xlxl, X3, X4X3X2, X4X3X2, X4X3, 

xlxs{xi,X2y,xlxl{xi,X2},xlxl, xl{xi, X2, X^}"^ , xl{xi, X2, X3} , xl) 

Remark 2.5.4. It seems Conca-Herzog-Hibi noticed in [15], page 838, that, if fi, f2, fs, fi 
is a generic sequence of homogeneous polynomials of degree 3 then the generic initial ideal 
J has the form (I), and J — Gin{x\, x% x\, x^^) has the form (II). 
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